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1 Introduction 



The spectral action introduced by Chamseddine-Connes plays an important role [3] in noncom- 
mutative geometry. More precisely, given a spectral triple (A, 7i, T>) where A is an algebra acting 
on the Hilbert space TL and V is a Dirac-like operator (see [8,23]), they proposed a physical 
action depending only on the spectrum of the covariant Dirac operator 

V A :=V + A + eJAJ- 1 (1) 

where A is a one- form represented on TC, so has the decomposition 

A = J2oi[V,bi], (2) 

i 

with di, bi G A, J is a real structure on the triple corresponding to charge conjugation and 
e £ { 1, — 1 } depending on the dimension of this triple and comes from the commutation relation 

JV = eVJ. (3) 

This action is defined by 

S(V A ,$,A) :=Tr($(2VA)) (4) 

where is any even positive cut-off function which could be replaced by a step function up 
to some mathematical difficulties investigated in [16]. This means that S counts the spectral 
values of \T>a\ less than the mass scale A (note that the resolvent of V A is compact since, by 
assumption, the same is true for T>, see Lemma |3. 1 1 below) . 

In [18], the spectral action on NC-tori has been computed only for operators of the form D + A 
and computed for T> A in [20]. It appears that the implementation of the real structure via J, 
does change the spectral action, up to a coefficient when the torus has dimension 4. Here we 
prove that this can be also directly obtained from the Chamseddine-Connes analysis of [4] that 
we follow quite closely. Actually, 

S(V A ,$,A)= Y, ^A fc /|Z) A |- fc + c I >(0)C DA (0)+O(A- 1 ) (5) 

0<k&Sd+ 

where D A = V A + P A , P A the projection on Ker V A , $ k = \ J °° t k l 2 - x dt and Sd + is the 
strictly positive part of the dimension spectrum of (A, TC, V). As we will see, Sd + = { 1, 2, • • • , n } 
and f\D A \~ n = f\D\~ n . Moreover, the coefficient Cda(0) related to the constant term in ([5]) 
can be computed from the unperturbed spectral action since it has been proved in [4] (with an 
invertible Dirac operator and a 1-form A such that T> + A is also invertible) that 

n „ 

cv +A (o) - cd(o) = E {j T { {av- i y, (6) 

9=1 J 

using Cx(s) = Tr(\X\~ s ). We will see how this formula can be extended to the case a noninvert- 
ible Dirac operator and noninvertible perturbation of the form T> + A where A := A + eJAJ^ 1 . 
All this results on spectral action are quite important in physics, especially in quantum field 
theory and particle physics, where one adds to the effective action some counterterms explicitly 
given by ©, see for instance [2-5,17,18,20,22,28,35-38]. 
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Since the computation of zeta functions is crucial here, we investigate in section 2 residues of 
series and integrals. This section contains independent interesting results on the holomorphy 
of series of holomorphic functions. In particular, the necessity of a Diophantine constraint is 
naturally emphasized. 

In section 3, we revisit the notions of pseudodifferential operators and their associated zeta 
functions and of dimension spectrum. The reality operator J is incorporated and we pay a 
particular attention to kernels of operators which can play a role in the constant term of 
This section concerns general spectral triple with simple dimension spectrum. 
Section 4 is devoted to the example of the noncommutative torus. It is shown that it has a 
vanishing tadpole. 

In section 5, all previous technical points are then widely used for the computation of terms in 
© or ©. 

Finally, the spectral action ([6]) is obtained in section 6 and we conjecture that the noncom- 
mutative spectral action of T>a has terms proportional to the spectral action of T> + A on the 
commutative torus. 



2 Residues of series and integral, holomorphic continuation, etc 

Notations: 

In the following, the prime in ^ means that we omit terms with division by zero in the summand. 
B n (resp. S 1 ™ -1 ) is the closed ball (resp. the sphere) of M n with center and radius 1 and the 
Lebesgue measure on S n will be noted dS. 

For any x = {x\ , . . . , x n ) 6 M n we denote by \x\ = \Jx\ + • • • + x\ the euclidean norm and 
\x\\ := \x\\ H V \x n \. 

N = {1, 2, . . . } is the set of positive integers and No = N U {0} the set of non negative integers. 
By f(x,y) <C y g(x) uniformly in x, we mean that \ f(x, y)\ < a(y) \g(x)\ for all x and y for some 
a(y) > 0. 

2.1 Residues of series and integral 

In order to be able to compute later the residues of certain series, we prove here the following 

Theorem 2.1. Let P{X) = Y2j=o ^jO^O ^ • • • , X n ] be a polynomial function where Pj is 

the homogeneous part of P of degree j . The function 

has a meromorphic continuation to the whole complex plane C. 

Moreover C P ( S ) * s n °t entire if and only ifVp := {j : J ugS „_i Pj(u) dS(u) ^ 0} ^ 0. In that 
case, £ p has only simple poles at the points j + n, j € Vp, with 

Res C P («) = / Pj(u)dS(u). 

s=j+n JutS™- 1 

The proof of this theorem is based on the following lemmas. 

Lemma 2.2. For any polynomial P E C[Xi, . . . ,X n ] of total degree S(P) := Y17=l degXiP and 
any a G Nq, we have 

d a {P(x)\x\- S ) « P , Q , n (1 + \s\)^\x\-°-^+ s ( p ) 
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uniformly in x G R n verifying \x\ > 1, where a = !R(s). 

Proof. By linearity, we may assume without loss of generality that P(X) = X 1 is a monomial. 
It is easy to prove (for example by induction on |a|i) that for all a G Nq and x G W 1 \ {0}: 



^+2([/3|i + lMli) • 



/3 + 2^=a 



It follows that for all a G Nq, we have uniformly in x G R n verifying |x| > 1: 

< Q , n (i + IsD^h^-H 1 . (7) 

By Leibniz formula and (J7j), we have uniformly in x G M n verifying |x| > 1: 
d a (x 7 |x|" s ) = g) d'V 7 ) d a - p (\x\~ s ) 

(3<a 

< 7 ,a,n E Xl-f* (1 + | S |)Hl-!^ 

/3<q;/3<7 

< 7 ,a,n (l + lsl)!^ 1 | X |- CT -|°ll+Ml. □ 

Lemma 2.3. Zei P G C[Xi, . . . ,X n ] be a polynomial of degree d. Then, the difference 

Ap(s) ._ V' [ ^Idx 

which is defined for 5?(s) > d + n, extends holomorphically on the whole complex plane C. 

Proof. We fix in the sequel a function ifi G C°° (W 1 , R) verifying for all x G W 1 ' 

0<^O)<l, il){x) = 1 if |x| > 1 and ^(x) = if |x| < 1/2. 

The function f(x,s) := VK^) -P(^) \x\~ s , x G M n and s G C, is in C°°(IR n x C) and depends 
holomorphically on s. 

Lemma 12.21 above shows that / is a "gauged symbol" in the terminology of [24, p. 4]. Thus 
[24, Theorem 2.1] implies that Ap(s) extends holomorphically on the whole complex plane C. 
However, to be complete, we will give here a short proof of Lemma 12.31 

It follows from the classical Euler-Maclaurin formula that for any function h : M. — > C of class 
C N+l veri f ying nm|t| ^ +oo hW(t) = and f R \h^(t)\ dt < +oo for any k = . . . , N + 1, that we 
have 

EM*) = / h{t) + ^ f B N+1 (t) h( N+1 \t) dt 

where B^+i is the Bernoulli function of order N + 1 (it is a bounded periodic function.) 

Fix m' G Z n_1 and s G C. Applying this to the function h(t) := ijj(m',t) P(m',t) \(m',t)\~ s (we 

use Lemma 12.21 to verify hypothesis), we obtain that for any N G No: 

^2 ip(m',m n ) P(m',m n ) \(m ,m n )\~ s = / ij)(m' ,t) P(m',t) \(m',t)\- s dt + TZ N (m '; s) (8) 

m„£Z ^ R 



4 



where K N {m'\ s) := f M B N+1 (t) g^+i Wm',t) P(m',t) \(m',t)\ s ) dt. 

By Lemma \2.2\ 



f \B N+1 (t) £^ ty(m',t) P(m',t) \(m',t)\- s ) I dt < P , n , N (1 + \s\) N+1 (\m'\ + 1)— W). 

Thus £ , e zn-i Hn(™') s ) converges absolutely and define a holomorphic function in the half 
plane {a = > <5(P) + n - N}. 

Since Af is an arbitrary integer, by letting A" — > oo and using (jHJ) above, we conclude that: 



£ «K, m .„)p (m ', m „)|K, m „)|-- £ PK,«) |(m'. 01- « 



has a holomorphic continuation to the whole complex plane C. 
After n iterations, we obtain that 

has a holomorphic continuation to the whole C. 

To finish the proof of Lemma 12.31 it is enough to notice that: 

• V(0) = and ijj{m) = 1, Vm 6 Z"\ {0}; 

• sh f Bn ip(x) P(x) \x\~ s dx = /{ rrgR n. 1 /2<|i C |<i} l x l _S ^ x is a holomorphic 
function on C. □ 

Proof of Theorem \2.1[ Using the polar decomposition of the volume form dx = p n_1 dpdS in 
R n , we get for *ft(s) > d + n, 



f 



^l d x = [°° ^ [ P 3 {u) dS{u) = j T k~ s [ PM dS[u). 



\x\s 



Lemma 12.31 now gives the result. □ 



2.2 Holomorphy of certain series 

Before stating the main result of this section, we give first in the following some preliminaries 
from Diophantine approximation theory: 

Definition 2.4. (i) Let 5 > 0. A vector a G M. n is said to be 5— diophantine if there exists c > 
such that \q.a — m\ > c\q\~ s , Vg G Z n \ { } and Vm G Z. 

VUe note 6V(#) i/ie sei of 6— diophantine vectors and BV := Us>oBV(5) the set of diophantine 
vectors. 

(ii) A matrix G A4 n (M) (Vea/ n x n matrices) will be said to be diophantine if there exists 
u G Z n smc/i i/iaf *0(ti) is a diophantine vector ofM. n . 

Remark. A classical result from Diophantine approximation asserts that for all 5 > n, the 
Lebesgue measure of W 1 \ BV(5) is zero (i.e almost any element of M n is 5— diophantine.) 
Let G M n (M). If its row of index i is a diophantine vector of M n (i.e. if Li G BV) then 
*e£ei) € BV and thus is a diophantine matrix. It follows that almost any matrix of J*A n (WC) ~ 
M n is diophantine. 

The goal of this section is to show the following 
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Theorem 2.5. Let P G C[Xi, • • • , X n ] be a homogeneous polynomial of degree d and let b be in 
S(7L n x • • • x Z n ) (q times, q G N). Then, 

(i) Let a£M. n . We define f a (s) := E'^fp 1 ^ ikM . 

1. If a G Z n , then f a has a meromorphic continuation to the whole complex plane C. 
Moreover if S is the unit sphere and dS its Lebesgue measure, then f a is not entire if and only 
if J ueS n-i P(u) dS(u) / 0. In that case, f a has only a simple pole at the point d + n, with 

Res^ f a (s) = J ueS „-i P(u) dS(u). 

2. If a £ M. n \ Z n ; then f a (s) extends holomorphically to the whole complex plane C. 

(ii) Suppose that G Ai n (R) is diophantine. For any (Ei)i G {—1,0, l} q , the function 

:= I] i6(2 n )9 K0/eEi^i( s ) 

extends meromorphically to the whole complex plane C with only one possible pole on s = d + n. 
Moreover, if we set Z := {I G (Z n ) q : E?=i £iU = 0} and V := Y,i e z b ( l ), then 
l.IfV Jcn-i P( u ) dS(u) 0, then s = d-\- n is a simple pole of g(s) and 



Res g(s) =V f P(u)dS(u). 



2. If V J s „-i P(u) dS(u) = 0, then g(s) extends holomorphically to the whole complex plane C. 
(Hi) Suppose that 6 Ai n (M) is diophantine. For any (e,)j G {—1, 0, l} q , the function 

3o00 : = E /e(Z n )A 2 6 (0/e£ti^ s ) 
where Z := {I G (I* n ) q : Ei=i e ^« = 0} extends holomorphically to the whole complex plane C. 

Proof of Theorem \2.5\ First we remark that 

If a G Z n then f a {s) = Y^k& n l$~ ■ So, the point (i.l) follows from Theorem l2.lt 

9(s) ■= Ez £ (z»)?\2 K l ) fe £^0) + &iez H 1 )) Efcez™^- Thus > the P oint (**) rises 
easily from (Hi) and Theorem 12.11 
So, to complete the proof, it remains to prove the items (i.2) and (in). 

The direct proof of (i.2) is easy but is not sufficient to deduce (iii) of which the proof is more 
delicate and requires a more precise (i.e. more effective) version of (i.2). The next lemma gives 
such crucial version, but before, let us give some notations: 

F-={ { xl + .. P £l +ir /2 ■ P(X)eC[X 1 ,...,X n ] and r G No}. 

We set g =deg(G) =deg(P) - r G Z, the degree of G = ( X 2 + . P +xz+iy/2 G 
By convention we set deg(0) = — oo. 

Lemma 2.6. Let a G W 1 . We assume that d(a.u,Z) := inf mG z \a.u — m\ > for some u G Z n . 
For all G G T , we define formally, 

F (G;a;s) :=Y' ^k± e 27Tik - a and F 1 (G; a; s) := V „.,fSL /a e 27rikM . 

Then for all N 6 N, allG G .F and a// i G {0, 1}, there exist positive constants Ci := Ci(G, N, u), 
Bi := B>i(G,N,u) and Ai := Ai(G,N,u) such that s i— > Fi(G;a;s) extends holomorphically to 
the half-plane {K(s) > — N} and verifies in it: 

F i (G;a;s)<C i (l + \s\) Bi (d (a.u, Z) 



6 



Remark 2.7. The important point here is that we obtain an explicit bound of Fi(G;a;s) in 
{3ft(s) > — N} which depends on the vector a only through d(a.u, r L), so depends on u and 
indirectly on a (in the sequel, a will vary.) In particular the constants Cj := Ci(G,N,u), 
Bi = Bi(G, N) and A4 := Ai(G, N) do not depend on the vector a but only on u. This is crucial 
for the proof of items (ii) and (in) of Theorem \2.5V 



2.2.1 Proof of Lemma [23] for i = 1: 

Let N G No be a fixed integer, and set go := n + N + 1. 

We will prove Lemma 12.61 by induction on g =deg(G) G Z. More precisely, in order to prove 

case i = 1, it suffices to prove that: 

Lemma |2, 61 is true for all G G T verifying deg(G) < —go- 
Let g G Z with g > —go + 1. If Lemma [2.61 is true for all G G T such that deg(G) < g — 1, 
then it is also true for all G G T satisfying deg(G) = g. 

• Step 1: Checking Lemma I2T6I for deg(G) < —go ■= — (n + N + 1). 

Let G(X) = (X 2, ^5] , n ,./ 2 & T verifying deg(G) < —go- It is easy to see that we have 
uniformly in s = a + ir G C and in k G Z n : 

|G(fc)e 2 " fc -"| |P(fc)| ^ 1 ^, 1 1 



(\k\ 2 + l) a / 2 (|fe| 2 + l)(''+ CT )/ 2 (|jfc|24-l)CT-+<r-<ie ff (P))/2 (| fc |2 + 1 )(<r-deg(G))/2 ^Cz (|fc|2 +1 )( CT + S0 )/2 * 

It follows that Fi(G;a;s) = ^2 ke %n j^^yj2 e2mk ' a converges absolutely and defines a holo- 
morphic function in the half plane {a > — N}. Therefore, we have for any s G {9ft(s) > —N}: 

\Fi(G;a;s)\ < G Yl T\ 

Thus, Lemma E?6] is true when deg(G) < —go- 
• Step 2: Induction. 

Now let g G Z satisfying 5 > —go + 1 and suppose that Lemma [2. 61 is valid for all G G T verifying 
deg(G) < g — 1. Let G £ J 7 with deg(G) = g. We will prove that G also verifies conclusions of 
Lemma \~ 



There exist P G CLX~i, . . . , X n ] of degree d > and r G No such that G(X) = , 2 /2 
and g =deg(G) = d — r. 

Since G(fc) <C (|A:| 2 + l) ff / 2 uniformly in k G Z ra , we deduce that F\(G; a; s) converges absolutely 
in {a = > n + g}. 

Since k 1— ► + it is a bijection from Z n into Z n , it follows that we also have for 3?(s) > n + g 



F^. n . e \_ -27rifc.q _ P(k+u) 2ni(k+u).a 

1 ^ ' ' ' ~~ (|fc|2 + l)( S +r)/2 e - (|fc+ U |2 + l)( S +r)/2 C 

fcGZ" fceZ" 

e 2niu.a \ " P(fc+u) a 2nik.a 



i u.a ^ ' 



(|fc| 2 +2fc.u+M 2 +l)("+'-)/ 2 

27ri«.a u a d a P(k) 2m k.a 

e Zw a! (|A:| 2 +2fc.M+|M| 2 +l)( s +'')/ 2 e 

aGN£;|a|i=aiH Ya n <d fceZ™ 

27riu.a d a P(fc) /-, , 2k.u+\u\ 2 \-(s+r)/2 2 ni k.a 

6 L "! L (|fc|2 + 1 )( s +r)/2 l, 1 "I- (|fc| 2 + l) J e 
|a|l<d fcSZ™ 
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Let M := sup(iV + n + g, 0) G N . We have uniformly in k G Z n 

M , j 

( , 2k.u+\u\H -(s+r)/2 _ ( - (s+r)/2 \ (2k.u+\u\ 2 ) , (l+| 8 |)M+i \ 

I 1 (|fc| 2 + l) ~ V J / (|k| 2 + l) J L/M ' u ^(|A;|2 + l)(M + l)/2 > /- 

j=0 



Thus, for a = K(s) > n + d, 



8°P(fc) ^ , 2k.u+\u\ 2 \-(s+r)/2 j.Kik.a 



|a|i<d fcgZ" 
M 

27riM.a «<* /-(«+r)/2\ d a P(k)[2k.u+\u\ 2 ) 

e Zw a\\ j I 2-^1 (|fc| 2 +l)( s + r + 2 J)/ 2 



|a]i<di=0 fcez™ 



+0 G|M , U ((1 + k|) M+1 £ IWW)' (9) 



(|fc| 2 + l)(' T + M + 1 -9)/ 2 ' 

Set /:={(a,j) £ Njj x {0, . . . , M} | |a|i < d} and J* :=/\{(0,0)}. 

n ^ i a P(X)(2X.«+M 2 V _, ... 

Set also G( a j). u (A) := (|x|2 ^ 1)(r+2j)/2 ; G J 7 for all (a, j) G J*. 
Since M > N + n + g, it follows from ([9]) that 

(l_ e 2«-a )Fl(G;a;s)=e 2 7 ri«.a £ £ ("W/ 2 )^ (G (aJ> ; a; s) + /^(G; a; U ; s) (10) 

(aj')el* 

where s i— ► R^(G;a;u; s) is a holomorphic function in the half plane {a = 5R(s) > — iV}, in 
which it satisfies the bound Rn(G; a; u; s) <^g,n,u 1- 
Moreover it is easy to see that, for any (a,j) G I*, 

deg{G (aJ) . u ) = deg(d a P) + j - (r + 2j) < d - |a|i + j - (r + 2j) = 5 - |a|i - j < g - 1. 

Relation (|10p and the induction hypothesis imply then that 

(1 - e 2lTiu - a ) Fi(G; a; s) verifies the conclusions of Lemma EH (11) 

Since |1 — e 2mu - a \ = 2| sin(7ru.a)| > d (u.a, Z), then (fTTj) implies that F\{G; a; s) satisfies conclu- 
sions of Lemma 12.61 This completes the induction and the proof for i = 1. 



2.2.2 Proof of Lemma ES for i = 0: 

Let iV G N be a fixed integer. Let G(JT) = ( X 2 + P +x 2 +iy/ 2 e an< ^ ^ = ^eg(G) = d — r where 
d > is the degree of the polynomial P. Set also M := sup(A r + g + n, 0) G No- 
Since P(fc) < | for k G Z n \{ }, it follows that F (G; a; s) and Fi(G; a;s) converge absolutely 
in the half plane {a = 3i(s) > n + g}. 
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Moreover, we have for s = a + ir G C verifying a > n + g: 



Fn( Q. a . s) - G(k) 2-Kik.a_y G(fc) ( 1 1 \ 1 2-Ki k.a 

r ^,a,h)- ^ (| fc |2 +1 _ 1)s / 2 e - (|fc| 2 +l)«/2 \ L ]¥p+T 1 

feGZ"\{0} keZ" 
M 

/ , / , \ j )\ L > (|fc| 2 + l)( s + 2 i)/ 2 



s/2 



+ Om((1 + E (| fc |2 + 1 ')(i+2M+2)/2) 

M 

Y J (-f){-iyF l (G-a-s + 2j) 

3=0 

+o M [(i + \s\) M ^(i+ E WPW)]- (12) 



In addition we have uniformly in s = a + ir G C verifying a > — N, 

V ' l g ( fc )l <z V ' « V ' 1 <r +no 

/ v (|fc|2 + 1 )(<r+2M+2)/2 ^ /-^i (|fc|2 + 1 )(-JV+2M+2)/2 ^ /-^i |fc| n+1 



So (I12p and Lemma 12, 61 for i = 1 imply that Lemma 12,61 is also true for i = 0. This completes 
the proof of Lemma 12.61 □ 

2.2.3 Proof of item (12) of Theorem 1231 

Since a G M n \ Z n , there exists Iq G {1, . . . ,n} such that a, G" Z. In particular d(a.ej ,Z) = 
d(aj ,Z) > 0. Therefore, a satisfies the assumption of Lemma 12.61 with u = ei . Thus, for all 
N G N, s i— ► / a (s) = Fq(P; a; s) has a holomorphic continuation to the half-plane {5R(s) > — iV}. 
It follows, by letting N — > oo, that s i— > / a (s) has a holomorphic continuation to the whole 
complex plane C. 

2.2.4 Proof of item (iii) of Theorem 12. 51 

Let 6 G -M n (M), (ei)i G {-1,0, 1}« and 6 G S(Z n x Z n ). We assume that 9 is a diophantine 
matrix. Set Z := {I = (h,...,l q ) G (Z n )« : J2i £ i l i = 0} and P G C[Xi,...,X n ] of degree 
d>0. 

It is easy to see that for a > n + d: 

E \m\E' l W\ e2mk - eM \ <<p E koiE'^«^ E m\ 

ie(z n )i\z kez n ie(z n )i\z kez n ie(z n )i\z 

< +oo. 

So 

90 ( S ):= Y, KDfe^ ik (s)= E K0E'^ e27rU - eEiMi 

ie(z n )i\z ie(z n )i\z fcez™ 

converges absolutely in the half plane {5R(s) > n + d}. 

Moreover with the notations of Lemma 12.61 we have for all s = a + it G C verifying a > n + d: 

90 (s)= Yl H0/e£ jeA (s)= Y W(P;eJ].e<i<;a) (13) 

ie{z n )i\z ie(z n )i\z 
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But G is diophantine, so there exists mGZ" and 5, c > such 

\q. l Qu - m\ > c (1 + | ^ | ) — ^ , Vg G Z n \ { }, Vm G Z. 

We deduce that V/ G (Z»)« \ Z, 

| (6 - m| = | (^.e^.'Gu - m\ > c (l + E.^|)~ 5 > c (1 + |Z|)- 5 . 

It follows that there exists u G Z n , <5 > and c > such that 

V/G(Z n )9\Z, d((e^.e i / i )-«;Z) >c(l + \l\)- s . (14) 

Therefore, for any I G (Z n ) 9 £/ie vector a = O X^ e «^ verifies the assumption of Lemma \2.6\ 
with the same u. Moreover 5 and c in |i^| ) are a/so independent on I. 

We fix now iV G N. Lemma 12.61 implies that there exist positive constants Co := Co(P, N,u), 
B ■= B t {P, N, u) and A Q := A (P, N, u) such that for all I G (Z n )<? \2,sh F (P; 9 £\ «) 
extends holomorphically to the half plane {3?(s) > — A 7 "} and verifies in it the bound 

F (P;e 5^e f Ji;a) < C (1 + M) B ° d((9 ^.e^).«; Z)~ A °. 

j 

This and (|14p imply that for any compact set if included in the half plane {3i(s) > —N}, 
there exist two constants C := C(P,N,c,S,u,K) and D := D(P, N,c,5,u) (independent on 
/ G (Z n )<? \ Z) such that 

Vs G if and V/ G {1 n ) q \ Z, F (P;9 ^^s) < + (15) 

i 

It follows that s i— > X4e(z n )a\.z ^(0-^b(-P; © Ylii e ^i'-> s ) ^ as a holomorphic continuation to the half 
plane {K(s) > -AT}. 

This and ( fl~3l) imply that s i— > po(*) = S/e(Z™)?\.Z KO/s ( s ) ^ as a holomorphic contin- 

uation to {3i(s) > — A^}. Since A" is an arbitrary integer, by letting A" — ► oo, it follows that 
s i — > go(s) has a holomorphic continuation to the whole complex plane C which completes the 
proof of the theorem. □ 

Remark 2.8. By equation we see that a Diophantine condition is sufficient to get Lemma 
\2.bA. Our Diophantine condition appears also (in equivalent form) in Connes [7, Prop. 49] (see 
Remark J^.2 below). The following heuristic argument shows that our condition seems to be 
necessary in order to get the result of Theorem \2.5\ 

For simplicity we assume n = 1 (but the argument extends easily to any n). 

Let 9 G M \ Q. We know (see this reflection formula in [15, p. 6]) that for any I G Z \ {0}, 

m{s) ■= ^w 1 = p7i=i7 r (i) Mi - s ) where M«) : = Yl' w+W- 

keZ 1 2 ' k£Z 

So, for any (ai) G <S(Z), the existence of meromorphic continuation of go(s) := Yliez a l 99l( s ) ^ s 
equivalent to the existence of meromorphic continuation of 



M*) ■= Y' ai M«) = Y' ai 

zez i& fcez 

So, for at least one do G M, we must have pjm^o = ^(1) uniformly in k,l G Z*. 

Lt follows that for any (a;) G <S(Z), \6l + k\ 3> | cx^ 1 1 / cr ° uniformly in k,l G Z*. Therefore, our 

Diophantine condition seems to be necessary. 
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2.2.5 Commutation between sum and residue 

Let pGN. Recall that S{{ r L n ) p ) is the set of the Schwartz sequences on (Z n ) p . In other words, 
b G S((Z n )P) if and only if for all r G N , (1 + |Zi| 2 + ■ ■ ■ \l p \ 2 ) r \b(h, ■ ■ ■ ,l p )\ 2 is bounded on 
(Z n )f. We note that if Q G R[X X , • • • ,X np ] is a polynomial, (a,-) G S(Z n )P, b G 5(Z n ) and 
a real- valued function, then I := (Zi, • • • , l p ) \— * a(l) b(—l p ) Q(l) e % ^ is a Schwartz sequence on 
(Z n )P, where 

a(Z) := ai(/i) • • -a p (l p ), 
k '•= h + ■ • • + ^i- 

In the following, we will use several times the fact that for any (k, Z) G (Z n ) 2 such that k ^ 
and A; 7^ — Z, we have 

1 _ 1 2k.l + \l\ 2 
\k + l\ 2 \k\ 2 \k\ 2 \k + l\ 2 ' 1 ' 

Lemma 2.9. There exists a polynomial P G R[Xi,--- ,X P ] of degree Ap and with positive 
coefficients such that for any k G Z n , and I := (Zi, • • • , l p ) G (Z n ) p suc/i that k 7^ ancZ Zc 7^ — Zj 
/or all 1 < i < p, the following holds: 



\k + h\ 2 ...\k+T p \ 2 ~ \k\ 2p 



Proof. Let's fix i such that 1 < i < p. Using two times (|16p . Cauchy-Schwarz inequality and 
the fact that \k + U\ 2 > 1, we get 



1^ < 1 2\k\\k\+\k\ 2 (2ifc||; a |+|^| 2 ) 2 
|fc+M 2 - W W |fc| 4 |fc+«i| 2 



— W + p^l^l + (jlp + ]£\z)\k\ 2 + ]£\s\k\ 3 + [£p 



Since > 1, and \k\i < \k\ 4 if 1 < j < 4, we find 



Taking P(Xi, ■■■ ,X p ):= 5 p (l + 4(^ =1 X i ) 4 ) p now gives the result. □ 

Lemma 2.10. Let b G S((Z n ) p ), p G N, Pj G ,X n ] be a homogeneous polynomial 

function of degree j, k G 7L n , I := (Zi, • • • , Z p ) G (Z n ) p , r G No, (J) be a real-valued function on 
Z" x (Z n ) p and 

;= b(l) Pj(k) e<*( ki > 

with h(s, k, Z) := z/, /or Zc 7^ 0, one 0/ the denominators is zero. 
For all s G C suc/i that 5R(s) > n + j — r — 2p, the series 

H(s):=y^' ,h(s,k,l) 

is absolutely summable. In particular, 

J2 Hs,k,l)= Yl J2'h(s,k,l). 
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Proof. Let s = a + ir G C such that a > n + j — r — 2p. By Lemma l2~9l we get, for k ^ 0, 

|/»(s,M)| < MO^WI |A;|- r - ff - 2p P(/), 

where P(Z) := P(\li\,--- ,\l p \) and P is a polynomial of degree Ap with positive coefficients. 
Thus, \h(s,k,l)\ < F{l)G(k) where F(l) := |6(/)|P(/) and G(k) := \Pj(k)\\k\- r - a - 2 P. The 
summability of X^ze(z n )p -^(0 ^ s i m P ne d by the fact that b G 5((Z n ) p ). The summability of 
^ fceZ „G(fc) is a consequence of the fact that a > n + j — r — 2p. Finally, as a product of two 
summable series, X^fc z-^XO^W is a summable series, which proves that X]fczM s >^>0 is a l so 
absolutely summable. □ 

Definition 2.11. Let f be a function on D x (Z n ) p where D is an open neighborhood ofO in C. 
PFe say that f satisfies (HI) if and only if there exists p > such that 

(i) for any I, s i— > f(s,l) extends as a holomorphic function on U p , where U p is the open 
disk of center and radius p, 

(ii) the series Eze(z™)p \\ H (-, 0lloo,p is summable, where \\H(-, 0lloo,p := su PseZ7 p 01- 
VFe say i/iai / satisfies (H2) if and only if there exists p > sizc/t i/iaf 

(%) /or any I, s « /(s, Z) extends as a holomorphic function on U p — {0}, 

(ii) for any 5 such that < 5 < p, the series Ylie(z n )p ll-^X'> 0lloo,<5,p ^ s summable, where 
\\ H (-' 1 )\\oo,8,p := su P5<|s|<pl- H '( s '0l- 

Remark 2.12. Note that (HI) implies (H2). Moreover, if f satisfies (HI) (resp. (H2) for 
p > 0, then it is straightforward to check that / :sh X^zg(z«)p /( s >0 extends as an holomorphic 
function on U p (resp. on U p \{0}). 

Corollary 2.13. With the same notations of Lemma \2.HA suppose that r + 2p — j > n, then, 
the function H(s, I) := Yl'k£Z n ^( s ' ^> satisfies (HI). 

Proof, (i) Let's fix p > such that p < r + 2p — j — n. Since r + 2p — j > n, U p is inside 
the half-plane of absolute convergence of the series defined by H(s,l). Thus, s t— > H(s,l) is 
holomorphic on U p . 

(ii) Since ||&;|~ s | < \k\ p for all s £ U p and k G Z n \ { 0}, we get as in the above proof 

\h(s, k,l)\< \b(l) Pj(k)\ \k\- r+ P- 2 P P(\h\,- ■ ■ , \l p \). 
Since p < r + 2p — j — n, the series Yl'kez™ 1-^(^)1 1 k\~ r+p ~ 2p is summable. 

Thus, ||tf(-,0lloo, P ^ ^P(0 where K := T / k\ P j( k )W k \~ r+P ~ 2p < 00 • We have already seen that 
the series X]/ F(l) is summable, so we get the result. □ 

We note that if / and g both satisfy (HI) (or (H2)), then so does / + g. In the following, we 
will use the equivalence relation 

/ ~ g f — g satisfies (HI). 

Lemma 2.14. Let f and g be two functions on D x (Z n ) p where D is an open neighborhood of 
in Cj such that f ~ g and such that g satisfies (H2). Then 

^ -^ s,/ ) = Ressr(s,Z). 

ie(Z n )p ie(Z n )p 
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Proof. Since / ~ g, f satisfies (H2) for a certain p > 0. Let's fix n such that < rj < p and 
define C n as the circle of center and radius n. We have 

Res g(s, I) = Res f(s, = 355 P / ( s > ds = / 0* ■ 

5 = 5 = JCr, Jl 

where / = [0, 2n] and u(t,l) := -^r\e lt f(rj e lt ,1). The fact that / satisfies (H2) entails that the 

series Ez e (z»)p OII00A is summable - Thus ' since IK' OIL = 0IIog,cv the series 

Eie(zn )P ||n(-,/)|| 00 is summable, so, as a consequence, Jj E/e(z n )p M (^> l)dt — E/e(z n )p Ii u (^^ fydt 
which gives the result. □ 

2.3 Computation of residues of zeta functions 

Since, we will have to compute residues of series, let us introduce the following 
Definition 2.15. 



00 

coo ;=E n 

71=1 

Z n {s) : = Y.'\ k \~ S ' 



where £(s) is the Riemann zeta function (see [25] or [14]). 

By the symmetry — > — /c, it is clear that these functions Cm,—,Pn au varnsn for odd values of pj. 
Let us now compute Co,- ,o,ii,o- ,o,lj,o- ,o( s ) i n terms of Z n (s): 

Since Co,-,o,ij,o-,o,l.,-,o-,o( s ) = Ai(s)5ij, exchanging the components ki and kj, we get 

Co,-- ,o,ii,o- ,o,i f ,o- ,o(s) = %- Z n (s - 2). 

Similarly, 

W k*k% _ 1 7 , 1 W fcf 

/ , z „ ~ nfa-l^"^ 6 n-1 / , z „ 1^+^ 

but it is difficult to write explicitly Cpi,— Pn( s ) i n terms of Z n (s — 4) and other Z n (s — m) when 
at least four indices pi are non zero. 

When all Pi are even, Cpi,...,pn(^) ^ a nonzero series of fractions ^| S ^ where P is a homogeneous 
polynomial of degree p\ + • • • + p n . Theorem 12.11 now gives us the following 

Proposition 2.16. Cpi,...,p„ has a meromorphic extension to the whole plane with a unique pole 
at n + pi + • • ■ + p n . This pole is simple and the residue at this pole is 



r (gi+l),„ r( P"+ 1 ) 

i Cpi,...,p„{ s ) = 2 n+piH \-p„. (17) 

s=n+p!-\ hPn r( 2 ) 



when all pi are even or this residue is zero otherwise. 
In particular, for n = 2, 



Res ' = $ij 7T , (18) 
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and for n = 4, 



Res V 

s=0 ^ 



1 h h 2 

in o 



feez 4 

Jf S E ' = Wlm + + SimSjl) fj . (19) 

fcez 4 

Proof. Equation (| 17j) follows from Theorem (12. ID 

Res Cpi,...^W= / h?.--hfrdS{k) 

s=n+piH hPn JkeS™- 1 

and standard formulae (see for instance [32, VTH,1;22]). Equation (|18|) is a straightforward 
consequence of Equation (fTTl) . Equation (fT^|l can be checked for the cases i = j ^ I = m and 
i = j = I = m. □ 

Note that Z n (s) is an Epstein zeta function associated to the quadratic form q{x) := xf + .-. + x 2 , 
so Z n satisfies the following functional equation 

Z n (s) = 7r s " n / 2 r(n/2 - s/2)r(s/2)~ 1 Z n {n - s). 

Since ir s ~ n l 2 T(n/2 — s/2) T(s/2)~ 1 = for any negative even integer n and Z n (s) is meromorphic 
on C with only one pole at s = n with residue 27r ri / 2 r(n/2) _1 according to previous proposition, 
so we get Z n (0) = —1. We have proved that 

Res Z n (s + n) = 2/ /2 r(n/2)" 1 , (20) 

s=0 

Z n (0) = -1. (21) 



2.4 Meromorphic continuation of a class of zeta functions 

Let n, q G N, q > 2, and p = (pi, . . . ,p q -i) £ Nq _1 . 
Set I := {i | pi 7^ 0} and assume that 7/0 and 

1 := {a = (ai) ia | Vi € J a, = (c^i, . . . , a i)Pi ) £ Ng 1 } = JjN^. 

We will use in the sequel also the following notations: 

- for x = (xi, . . . , x t ) £ R* recall that = + • • • + \xt\ and |x| = \J x\ + • • • + x\\ 
-foraJla = (a i ) i6l eX = n <e /Ng i , 

Hi = e = EEKii - d cl 2 ) = n o = nn o- 



2.4.1 A family of polynomials 

In this paragraph we define a family of polynomials which plays an important role later. 
Consider first the variables: 

- for Xi, . . . ,X n we set X = (Xi, . . . , X n ); 

- for any i = 1, . . . , 2q, we consider the variables Y^i, . . . , Yi >n and set Yj := (Y,i, . . . , Yj >n ) and 
Y:={Y u ...,Y 2q ); 
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- for Y = (Yi, . . . , Y 2g ), we set for any 1 < j < q, Yj := Yx + • • • + Yj + Yg+i + • • • + Y q+j . 
We define for all a = (Qj)j g / G 1 = Y\ ieI Nq' the polynomial 

Pi 

P a (X,Y) :=nn(2(X,y 4 ) + |y j | 2 )^. (22) 
iei j=i 

It is clear that P a (X,Y) G Z[X, Y], degxi^ < |a|i and degyP a < 2|q|i. 

Let us fix a polynomial Q G R[-X~i, • • • , X n ] and note d := deg Q. For a 6 I, we want to expand 
P a (X,Y) Q(X) in homogeneous polynomials in X and Y so defining 

L(a) := { /? G N[, 29+1)n : \/3\i - dp < 2|a|i and ^ < |a|i+d} 
where d/3 := ^™ we set 

( 1 / 2 )P Q (X,y)Q(X)=: £ c^Y' 3 

f3eL(a) 

where G M, X? := xf 1 • • • xt and Y^ 3 := Y^ +1 ■ ■ ■ Y^ +1)n . By definition, X 3 is a 
homogeneous polynomial of degree in X equals to dp. We note 

M a ,p(Y) :=c a ,pYK 
2A.2 Residues of a class of zeta functions 

In this section we will prove the following result, used in Proposition 15.41 for the computation of 
the spectrum dimension of the noncommutative torus: 

Theorem 2.17. (i) Let ^0 be a diophantine matrix, and a G S((Z n ) 2q ). Then 

9-1 

«-/(*):= Yl ^ E H\k + kr\k\- s Q(k)e ik - e Zth 
ie{(z n )i] 2 fcez™ i=i 

has a meromorphic continuation to the whole complex plane C with at most simple possible poles 
at the points s = n + d + \p\ 1 — m where m G No- 

(ii) Let m G N and set I(m) := { (a,/3) G 1 x N[, 2g+1)n : (3 G L(a) and m = 2|a|i - dp + d}. 
Then I(m) is a finite set and s = n + d + \p\ 1 — m is a pole of f if and only if 

C(/,m) :=y)a, V M a>/3 (1) f u^dS(u)^0, 

/eZ (a,/3)G/(m) 

with Z := {I : J2i lj = 0} an d the convention ^ = 0. In that case s = n + d+\p\\ — m is a 
simple pole of residue Res /(s) = C(f,m). 

s=n+d+\p\i—m 

In order to prove the theorem above we need the following 
Lemma 2.18. For all N G N we have 

liik+lr = E j^^+o N (\k\ lPh - (N+iy2 ) 



--1 «=(a i ) ieJ en ie j{o,-,iV}« 



uniformly in k G Z n and Z G (Z n ) 2 " verifying \k\ > U(l) := 36 {Y^ll^g \ l i\) 4 - 
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Proof. For i = 1, . . . , q — 1, we have uniformly in k G Z n and I G (Z n ) 2g verifying > U(l), 

\2(kM)+\h\ 2 \ ^uiT) i . , 

- 2lfcl ^ o ATT' ^ Z,5 V 



- 2|fc| ^ 2y ^TJ 

In that case, 

i^+r 4 i = (i^ 2 + 2(k,i) + m 1/2 = 1*1(1 + 2i ^^) 1/2 = E( 1 ^)^^(M 

where for alH = 1, . . . , g — 1 and for all it 6 No, 

J»(M) := {2(k,T l ) + \l i \ 2 ) u , 

with the convention Pq(/c,Z) := 1. 

In particular P*(/c,Z) G Z[k,l], deg k P„ < u and deg^ P^ < 2u. Inequality (|23|) implies that for 
all i = 1, . . . , q — 1 and for all u G N, 

^|P^(M)|<(2^P 

uniformly in fc G Z™ and Z G (Z n ) 2q verifying \k\ > U{1). 

Let N G N. We deduce from the previous that for any k G Z7 1 and Z G (Z n ) 2<? verifying |/c| > f7 (Z) 
and for all i = 1, . . . , q — 1, we have 

AT 

= E( 1 « 2 )w^ TjP «^ / ) + (Ei fe ii( 1 « 2 )i( 2 ^)"") 

JV 
u=0 

It follows that for any N G N, we have uniformly in k G Z n and Z G (Z n ) 2q verifying \k\ > U{1) 
and for all i G /, 

a;e{0,...,7V}p; 

where P* . (A;, Z) = IlfLi ^ (*, for all a, = (a iA , a iyPi ) G {0, . . . , N} Pi and 

11^ + ^ = E K) i^nx-wx ^^O + Oiy( W (^Vwi ) 

ie/ «=(« ! )en iS /{o,..,A r }« 
where P a (fc, Z) = n ie/ ^ (fc, = lW llfLi ^ (*:, o- □ 
Proof of Theorem \2.17 . 

(i) All n, q, p = (pi, . . . and a G 5 ((Z n ) 2lJ ) are fixed as above and we define formally for 

any I G (Z n ) 2< ? 

P(Z,s):= H\k + k\^Q(k)e ik - e ^\k\- s . (24) 
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Thus, still formally, 

f(s):= ^ a t F(l,s). (25) 

It is clear that F(l, s) converges absolutely in the half plane {a = 5R(s) > n + d + \p\i\ where 
d = degQ. 

Let N G N. Lemma [2.181 implies that for any I G (Z n ) 29 and for s G C such that a > n+ \p\\ + d, 
F M = E \{\k + U\ Pl Q{k)e ik - @ ^\k\- s 

\k\<U(l) i=l 

+ E Ca) E ^FHT^frO#)e tt - eE? HG w (I,4 

a=(ai) ie /en i€ /{0,-,ArFi |fc|>f/(/) 

where s i— > Gn(1, s) is a holomorphic function in the half-plane Djy '■= {c > n + d + \p\ \ — j" 1 } 
and verifies in it the bound Gn(1, s) <^.n,<t 1 uniformly in L 
It follows that 

= E H a (l,s)+R N (l,s), (26) 

«=(« ! ) lS /6n ie /{o,..,7VF- 

where 

H a {l,s) := E ' ('a') [^ill-Mi P "( fc > e**- 8 ^^, 

fljv^g) := JJ|A; + Z i pQ(A ; )e ifc - e ^^|A ; r s 

|fc|<c(0 i=1 

- E ' E CL^j^M^qw^^ + g^s). 

\k\<U(l) «=(a i ) 4e jen i€ /{0,-,iV}»< 

In particular there exists -A(./V) > such that s i— ► Rn(1, s) extends holomorphically to the 
half-plane Djv and verifies in it the bound Rjsr(l, s) ^N,cr 1 + | Z | ^C^) uniformly in I. 
Let us note formally 

h a (s) ■= y^aiH a (l, s). 
i 

Equation ^HJ) and R N (l,s) <Cat j(J 1 + |/| A(JV) imply that 

/00~tf E (27) 

a=(a i ) ie/ en i6 /{0,..,AT l 

where ~_/v means modulo a holomorphic function in D^. 

Recall the decomposition ( 1 ^ 2 ) P a (k, I) Q(k) = Y^peL(a) M a ,p(}) ^ an d we decompose similarly 
h a (s) = YlpeLfa) h a ,p{s)- Theorem 12.51 now implies that for all a = (aj)j e j G riie/{0> ■ ■ ■ >^} Pl 
and P G -^(a), 

- the map s i— ► h a p(s) has a meromorphic continuation to the whole complex plane C with 
only one simple possible pole at s = n + \p\\ — 2\a\\ + dp, 

- the residue at this point is equal to 

Res K,p{s) = y^ai M a>p {l) / u p dS(u) (28) 

s=n +|p|i-2|a|i+c( / 5 ' ^ ' Ju&S"- 1 
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where Z := {I S (Z) n ) 2q : Yli lj = 0}. If the right hand side is zero, h a ^{s) is holomorphic on 
C. 

By (I27D . we deduce therefore that f(s) has a meromorphic continuation on the halfplane Dn, 
with only simple possible poles in the set { n+ \p\\ + k : — 2iV|p|i < k < d}. Taking now N —* oo 
yields the result. 

(ii) Let m e N and set I(m) := {(a, (3) £lx n{, 29+1) " : (3 £ L(a) and m = 2|a|i -dp + d}. 
If (a, (3) E I(m), then < m and |/3|i < 3m + (i, so /(m) is finite. 
With a chosen N such that 2iV|p|i + d > m, we get by and ((2HD 



Res f( s ) = Y / a l V M^l) ( vP dS(u) = C(f,m) 

s=n+d+\p\l-m ^ (Q)/3)£/(m) y«6S»-i 



with the convention ^0 = 0. Thus, n + d + |p| 1 — m is a pole of / if and only if C (/, m) 7^ 0. □ 



3 Noncommutative integration on a simple spectral triple 

In this section, we revisit the notion of noncommutative integral pioneered by Alain Connes, pay- 
ing particular attention to the reality (Tomita-Takesaki) operator J and to kernels of perturbed 
Dirac operators by symmetrized one-forms. 



3.1 Kernel dimension 

We will have to compare here the kernels of D and T>a which are both finite dimensional: 

Lemma 3.1. Let (A,TC,T>) be a spectral triple with a reality operator J and chirality x- If 
A G Qj) is a one-form, the fluctuated Dirac operator 

V A :=V + A + eJAJ- 1 

(where T>J = eJT>, e = ±1) is an operator with compact resolvent, and in particular its kernel 
KerP^ is a finite dimensional space. This space is invariant by J and X- 

Proof. Let T be a bounded operator and let z be in the resolvent of T> + T and z' be in the 
resolvent of T>. Then 

(V + T — z)- 1 = (V- z')- 1 [1 - (T + z' - z)(V + T - z)- 1 }. 

Since (T> — z')" 1 is compact by hypothesis and since the term in bracket is bounded, T> + T has 
a compact resolvent. Applying this to T = A + eJAJ^ 1 , T>a has a finite dimensional kernel (see 
for instance [27, Theorem 6.29]). 

Since according to the dimension, J 2 = ±1, J commutes or anticommutes with x, x commutes 
with the elements in the algebra A and T>x = — X^ ( see [10] or [23, p. 405]), we get T>aX = ~X^A 
and T>aJ = iJT^A which gives the result. □ 

3.2 Pseudo-differential operators 

Let (A,T>,TC) be a given real regular spectral triple of dimension n. 
We note 

Pq the projection on Ker2?,i-^ the projection on KerP^, 
D :=V + P ,D A :=V A + P A . 
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Po and Pa are thus finite-rank selfadjoint bounded operators. We remark that D and Da are 
selfadjoint invertible operators with compact inverses. 



Remark 3.2. Since we only need to compute the residues and the value at of the (d, Cd a 
functions, it is not necessary to define the operators D^ 1 or "D^ 1 and the associated zeta func- 
tions. However, we can remark that all the work presented here could be done using the process 
of Higson in [26] which proves that we can add any smoothing operator to V or T>a such that 
the result is invertible without changing anything to the computation of residues. 

Define for any a£l 

OP := {T : t^F t (T) G C°° (R, B(H))}, 
Qpa ._ | T . T \ D \-<* G OP }. 

where F t (T) := e it\D\ T e -it\D\ = e a\v\ T e -a\v\ since |£>| = |p| + p Q _ De fi ne 

S(T) 
V(T) 



[\D\,n 

[V 2 ,T], 

\D\ S T\D\- S , seC. 



It has been shown in [13] that OP = C\ p >o Dom(<5 p ). In particular, OP is a subalgebra of B{TL) 
(while elements of OP a are not necessarily bounded for a > 0) and A C OP , JAJ^ 1 C OP , 
[V,A] C OP . Note that P G OP~°° and 5(OP°) C OP . 

For any t > 0, P* and and are in OP 1 and for any a G M, P Q and |P| a are in OP Q . By 
hypothesis, \D\~~ n G C^°°\H) so for any a > n, OP~° C C l (H). 

Lemma 3.3. [13] 

(i) For any T G OP° and s G C, a s {T) G OP . 

(nj Por any a, (3 G R, OP a OP fi C OP a+f3 . 

(in) Ifa<(3, OP a C OP^ 3 . 

(wj Por any a, 5(OP a ) C OP a . 

ft>j Por any a and T £ OP a , V(T) G OP a+1 . 

Proof. See the appendix. □ 

Remark 3.4. An?/ operator in OP a , where a£R, extends as a continuous linear operator from 
Dom|P| a+1 to Dom|P| where the Dom|P| a spaces have their natural norms (see [13,26]). 

We now introduce a definition of pseudodifferential operators in a slightly different way than 
in [9, 13, 26] which in particular pays attention to the reality operator J and the kernel of V and 
allows V and \D\~ l to be a pseudodifferential operators. It is more in the spirit of [4]. 



Definition 3.5. Let us define T>(A) as the polynomial algebra generated by A, JAJ 1 , V and 
\V\. 

A pseudodifferential operator is an operator T such that there exists d G Z such that for any 
N G N, there exist p G No, P G D(A) and R G OP~ N (p, P and R may depend on N) such 
that PD- 2p G OP d and 

T = PD~ 2p + R. 

Define *&(A) as the set of pseudodifferential operators and ^(A) k := ^f(A) n OP k . 
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Note that if A is a 1-form, A and J4J -1 are in T>(A) and moreover T>(A) C U pe N OP p . Since 
| X? | G £>(-4) by construction and Po is a pseudo differential operator, for any p G Z, |D| P is a 
pseudodifferential operator (in OP p .) Let us remark also that T>(A) C , f(.4) C Uk£zOP k . 

Lemma 3.6. /5, i5/ TTie set of all pseudodifferential operators ^(.4) is an algebra. Moreover, 
ifTe ^(A) d and T G V(A) d ' , then TV G ^(A) d+d ' . 

Proof. See the appendix. □ 

Due to the little difference of behavior between scalar and nonscalar pseudodifferential operators 
(i.e. when coefficients like [D, a], a G A appears in P of Definition 13. 5p . it is convenient to also 
introduce 

Definition 3.7. Let T>i(A) be the algebra generated by A, JAJ^ 1 and T>, and ^\{A) be the 
set of pseudodifferential operators constructed as before with T>i(A) instead ofT){A). Note that 
^\{A) is subalgebra of^{A). 

Remark that ^i(^l) does not necessarily contain operators such as \D\ k where k G Z is odd. 
This algebra is similar to the one defined in [4]. 

3.3 Zeta functions and dimension spectrum 

For any operator B and if X is either D or Da, we define 

CfOO :=Tr(BLYr), 
( x (s) :=Tr(\X\- s ). 



The dimension spectrum Sd(A, H., T>) of a spectral triple has been defined in [9,13]. It is extended 
here to pay attention to the operator J and to our definition of pseudodifferential operator. 

Definition 3.8. The spectrum dimension of the spectral triple is the subset Sd(A,TC,T>) of all 
poles of the functions := s i— > Tr (P|D| -,S ) where P is any pseudodifferential operator in 
QpO S p ec t ra l triple (A,Tt,T>) is simple when these poles are all simple. 

Remark 3.9. If Sp(A,TC,T>) denotes the set of all poles of the functions s ^ Tr (P|D|~ S ) where 
P is any pseudodifferential operator, then, Sd(A,TC,V) C Sp(A,H.,V). 

When Sp(A,H.,V) = Z, Sd(A,TC,V) = {re — k : fc S No}: indeed, if P is a pseudodifferential 
operator in OP , and q G N is such that q > n, P\D\~ S is in OP~ R ' s ' so is trace-class for s in 
a neighborhood of q; as a consequence, q cannot be a pole of s \—> Tr (P|D|~ S ). 

Remark 3.10. Sp(A,Ti,V) is also the set of poles of functions s \— > Tr (P|D|~ s ~ 2p ) where 
p G N and B G V(A). 



3.4 The noncommutative integral j 

We already defined the one parameter group cr z (T) := \D\ Z T\D\~ Z , z G C. 
Introducing the notation (recall that V(T) = [D 2 ,T]) for an operator T, 

e(T) := V(T)D- 2 , 
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we get from [4, (2.44)] the following expansion for T G OP q 

N 

a z (T) ~^g(z,r)e r {T) mod OP~ N ~ l+q (29) 

r=0 

where g(z,r) := h{%) • • • (f — (r — 1)) = ( 2 ^ 2 ) with the convention g(z,0) := 1. 
We define the noncommutative integral by 

i-T := Res Cn(s) = Res Tr (T|D| _S ). 

Proposition 3.11. [13] If the spectral triple is simple, f is a trace on *(^4). 

Proof. See the appendix. □ 



4 Residues of (d a for a spectral triple with simple dimension 
spectrum 

We fix a regular spectral triple (A, 7i, T>) of dimension n and a self-adjoint 1-form A. 
Recall that 

V A := V + A where A := A + eJAJ' 1 , 
D A := V A + P A 

where P A is the projection on KeiV A . Remark that A G V(A) n OP and £>a G £>(-4) H OP 1 . 
We note 

:= P A - Po- 

As the following lemma shows, V A is a smoothing operator: 

Lemma 4.1. (i) (\ >x Dovi(V A ) k C f\>i Dom |P| fe . 
(tt; Ker^ C fl^jDomlDI*. 
fm) Por any a, /5 G R, IP^PaIP*! is bounded, 
(iv) P A G OP-°°. 

Proof, (i) Let us define for any p G N, R p := (£>a) p - £> p , so P p G OP^ 1 and R p ( Dom |P>|p) C 
Dom |P| (see Remark 13. 4p . 

Let us fix k G N, k > 2. Since DomD^ = DomP = Dom |D|, we have 

Dom(£> A ) fe = {</> G Dom|P| : (X^ + Py) G Dom \D\ , Vj l<j<fc — 1}. 

Let <fi G Dom(Pyi) fc - We prove by recurrence that for any j G { 1, • • • , k — 1 }, <f> G Dom |Dp +1 : 
We have </> G Dom |P| and (P + Pi) (j) G Dom \D\. Thus, since Pi G Dom |P|, £>0 G Dom 
which proves that <\> G Dom |P| 2 . Hence, case j = 1 is done. 

Suppose now that <fi G Dom |Pp +1 for a j G { 1, • • • , k — 2 }. Since (V^ +1 + Pj+i) G Dom |D|, 
and Pj+i 4> G Dom |P|, we get T>i +l (j) G Dom \ D\, which proves that <p G Dom |Dp+ 2 . 
Finally, if we set j = k — 1, we get G Dom \D\ k , so Dom(2?A) fc Q Dom |P| fc . 
(ii) follows from KerP^ Q f)k>l Dom(T> A ) k and (i). 
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(to) Let us first check that |-D| a P4 is bounded. We define Dq as the operator with domain 
DomDo = ImP^ n Dom \D\ a and such that D$ (ft = \D\ a (ft. Since Dom Do is finite dimensional, 
Dq extends as a bounded operator on 7i with finite rank. We have 

sup |||L>| a P4</>|| < sup \\\D\ a <j>\\ = poll < oo 

</«EDom \D\ a P A , \\4>\\<1 </>eDomD , \\<I>\\<1 

so |.D| a P4 is bounded. We can remark that by (ii), DomDo = ImP^ and Dom|Z)| Q P4 = H. 
Let us prove now that P^Dl" is bounded: Let (ft G DomP4|L>| a = Dom |-D| a . By (ii), we have 
I111P4 C Dom \D\ a so we get 

||P4|^| a 0||< sup \<i/i, \D\ a cft>\< sup I < \D\ a ift,(j>>\ 

V>eImP A , ||^||<l tp&mP A , \\ip\\<l 

< sup ni£>rvn \m = poii 11011. 

i/>eimP A , IMI<i 

(iv) For any G No and £ G R, <5 fc (P4)|-D|* is a linear combination of terms of the form 
l-Dl^P^I-Dl", so the result follows from (Hi). □ 

Remark 4.2. We will see later on the noncommutative torus example how important is the 
difference between T>a and T> + A. In particular, the inclusion KerP C KerP + A is not 
satisfied since A does not preserve KerP contrarily to A. 

The coefficient of the nonconstant term A k (k > 0) in the expansion ([5]) of the spectral action 
S(T>a,$,A) is equal to the residue of Cd a ( s ) a ^ We will see in this section how we can 
compute these residues in term of noncommutative integral of certain operators. 
Define for any operator T, p G N, s G C, 

K p (T,s) :=(-|f / a- stl (T)...a^ stp (T)dt 

J0<ti<-<tp<l 

with dt := dti ■ ■ ■ dt p . 

Remark that if T G OP a , then a z (T) G OP a for z G C and K p (T, s) G OP ap . 
Let us define 

X := V\ - V 2 = AV + VA + A 2 , 
X V :=X + V A , 

thus X G Vi(A) n OP 1 and by Lemma EH 

X v ~ X mod OP' 00 . (30) 

We will use 

Y := log(L>i) _ log(jD 2) 

which makes sense since D\ = D 2 A + P4 is invertible for any A. 
By definition of Xy , we get 

Y = \og(D 2 + X v )-\og(D 2 ). 
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Lemma 4.3. [4] 

(i) Y is a pseudodifferential operator in OP -1 with the following expansion for any N E N 

N N-p 

Y-J^ E VfrpTV**-^ • • XV fcl (^) • • • ))Z)- 2 (l fc l^rt mod OP* 1 . 

(mJ For an?/ N E N and s E C, 

|£>^r s ~ |£>r s + 5^iirp(y,s)|i>r fl modor^ 1 -^'. (31) 
p=l 

Proof, (i) We follow [4, Lemma 2.2]. By functional calculus, Y = I(X) dX, where 

N 

1(A) ~ ^(-l) p+1 (CD 2 + A) -1 Xy) p (D 2 + A)- 1 mod OP- N ~ 3 . 
p=i 

By ([3D]), ((D> 2 + A)~ 1 Xy) P ~ ((P> 2 + A)- 1 X) P mod OP" 00 and we get 

N 

/(A) ~ ]T(-1) P+1 ((P 2 + A) -1 Jf) p (.D 2 + A)" 1 mod OP- N -\ 
p=l 

We set A P (X) := ((P 2 + A) _1 X) P (P 2 + A) -1 and L := (P 2 + A)" 1 E OP~ 2 for a fixed A. Since 
[P 2 + X,X] ~ V(X) mod OP~°°, a recurrence proves that if T is an operator in OP r , then, 
for q E N , 

Ai(T) = LTL ~ ^(-l) fe V fc (T)^ fe+2 mod OP 1 ^ 5 . 

fc=0 

With ^4 P (X) = LXAp_i(X), another recurrence gives, for any q E No, 

A P (X) ~ (-l)l fc liV fc p(XV fc f- 1 (---A:V fcl (^)---))^ |fc|l+P+1 mod OP- g - p - 3 , 

fcXi— ,fc P =o 

which entails that 

AT iV-p 

^(A) ~ J^(-l) p+1 (-l)l fc l 1 V^(A:V fc f- 1 (---^V fcl (A:)---))^ |fc|l+P+1 mod OP~ N - 3 . 

P=l ki,--- ,k p =o 

With ./^(P 2 + A)"(l fc l 1+P+1 ^A = jj^+p-D~ 2mi+p) , we get the result provided we control the 
remainders. Such a control is given in [4, (2.27)]. 

(U) We have \D A \~ S = e B-{s/2)Y e -B ^-s where B ._ (_ s /2) log(P> 2 ). Following [4, Theorem 
2.4], we get 

oo 

|p A |- s = |p|" s + ^Kp(y, s )|pr s . (32) 
p=l 

and each #p(Y, s) is in OP- p . □ 
Corollary 4.4. For any p E N andr lr -- ,r p E N , e n (Y ) • • • e r * (Y ) E ^i(A). 
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Proof. If for any q £ N and k = (ki, ■ ■ ■ , k q ) £ Nq, 



T k q (X) := '-^ V^^-H- • • XV^(X) •••)), 
then, T k q (X) £ 0P^ 1+q . For any N £ N, 

E ^(X)D- 2 d fc l 1+ ^ mod OP-"- 1 . (33) 

<J=1 fcl,--' ,fcq=0 

Note that the T k (X) are in Pi (A), which, with ([33]) proves that Y and thus e r (y) = V r (F)Z) _2r , 
are also in *i(^4). □ 

We remark, as in [11], that the fluctuations leave invariant the first term of the spectral action 
This is a generalization of the fact that in the commutative case, the noncommutative 
integral depends only on the principal symbol of the Dirac operator T> and this symbol is stable 
by adding a gauge potential like in T> + A. Note however that the symmetrized gauge potential 
A + eJAJ~ l is always zero in this case for any selfadjoint one-form A. 

Lemma 4.5. // the spectral triple is simple, formula |6|) can be extended as 

n „ 

Cd,(0) - Cd(0) = E / (AD- 1 )*. (34) 

9=1 J 

Proof. Since the spectral triple is simple, equation (|32p entails that 

WO) - Cd(0) = Tr(Kx(Y, s)\D\-% =0 . 

Thus, with ([29]) . we get Cd a (0) — £d(0) = —\$Y. Replacing A by A, the same proof as in [4] 
gives 

J q=l J 

Lemma 4.6. For any k £ No, 

k k—p 

Res CdA*)= Res ( d ( S ) + J2 T Res h(s,r,p) Tr (s^(Y) • • • e r *(Y)\D\- s ), 

s=n—k s=n—k '—^ * — * s=n—k 

p=l n,— ,r p =0 

where 



h(s,r,p) := (-s/2) p / g(-sti,n) ■ ■ ■ g(-st p ,r p ) dt . 

Jo<ti<-<t p <i 

Proof. By Lemma S3] (ii), \D A \~ S ~ |L>|- S + £j =1 K P (Y, s)|Z?|~ s mod Op-(fc+i)-SK(*) ; where 
the convention ^0 = is used. Thus, we get for s in a neighborhood of n — k, 

k 

\D A \- S - \D\- S - EK p (y,s)|,D|- s £ ap-(*+i)-K« C C l (H) 
P =i 
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which gives 

k 

Res (d a ( s )= Res Cd{s) + Y Res Tr (K p (Y, s)\D\- s ). (35) 

s=n—k s=n—k s=n—k 

p=l 

Let us fix 1 < p < k and N G N. By ([29]) we get 

N 

K p <y,s)~(-%y> 9(st 1 ,r 1 )---g(-st p ,r p ) 
^o<t 1 <-t J) <l rii ... )rp=0 

e r i(y)...^(F)^ modOP-^ 1 . (36) 
If we now take N = k — p, we get for s in a neighborhood of re — k 

k—p 

K p (Y,s)\D\- s - h{s,r,p)e ri (Y)---e r ?{Y)\D\- s G OP~ k ~ l ~^ Q C l {H) 

ri,— ,r P =0 

so ([35]) gives the result. □ 
Our operators \DA\ k are pseudodifferential operators: 
Lemma 4.7. For any k G Z, |£> A | fc G ^ fc („4). 

Proof. Using ([36]) . we see that K p (Y, s) is a pseudodifferential operator in OP~ p , so ([3"T]) proves 
that I-DaI^ is a pseudodifferential operator in OP k . □ 

The following result is quite important since it shows that one can use $ for D or Da'- 

Proposition 4.8. If the spectral triple is simple, Res Tr (P|Da| ~ s ) =/ P f° r an U pseudodiffer- 
ential operator P. In particular, for any k G No 

-f\D A \-^= Res ( Da (s). 

J s=n—k 

Proof. Suppose P G OP k with k G Z and let us fix p > 1. With ([SB]), we see that for any N G N, 

A 7 " 

PET p (y,s)|Z?r s - h{s,r,p)Pe ri {Y)---e r "(Y)\D\- s mod OP- N ~ p - l+k -^ s \ 

n>— ,r P =0 

Thus if we take N = n — p + k, we get 

n— p+fc 

Res Tr (PK p (Y, s)\D\- s ) = ^ Res h(s, r,p) Tr (Pe n (y) • • • e rp {Y)\D\- S ) . 

n,— ,r p =0 

Since s = is a zero of the analytic function s t— > h(s,r,p) and s i— > TrPe ri (y) • • • e rp (y)|D|~ ,s 
has only simple poles by hypothesis, we see that Res h(s,r,p) Tr (Pe ri (y) • • • e r ' p (Y)\D\~ S ) = 

s=0 

and 

Res Tr (PK p (Y, s)\D\- s ) = 0. (37) 
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Using HMD, P\D A \- S ~ + -P^p^ *)Pr* mod Op-n-i-«W and thus, 

/fc+n 
Res Tr(PiT p (F,s)|Z)|- s ). (38) 
p=i s "° 

The result now follows from (f3"T|) and (f3"5j) . To get the last equality, one uses the pseudodiffer- 
ential operator \DA\~^ n ~ k ^ ■ □ 

Proposition 4.9. If £/ie spectral triple is simple, then 

j\D A \- n =j\D\-\ (39) 

Proof. Lemma 14.61 and previous proposition for k = 0. □ 
Lemma 4.10. If the spectral triple is simple, 

(i) j\D A \-^ =j\D\-^ -{'^)jx\D\- n -\ 

(ii) j \D A \-( n ~V = i|D|-(»- 2 ) + n^(-jx\D\- n + f jx 2 \D\~ 2 ~ n ). 
Proof, (i) By (J3TJ) , 

Res Cd a (s) - Cd(s) = Re Si (-a/2) Tr (F^D = Res Tr (y^r^l^D 

s=n— 1 s=n— 1 s=0 

where for the last equality we use the simple dimension spectrum hypothesis. Lemma 14.31 (i) 
yields Y ~ XD" 2 mod OP" 2 and Y\D\-( n ~^ ~ XlD]-™- 1 mod OP - "- 1 C £ X (W). Thus, 

Res Tr (Y|Z>| - ( n ~ 1 )|.D|~ s ) = Res Tr (jf|D|- n " 1 |D|- s ) = j X\D\- n ~ l . 

(ii) Lemma 14.61 (ii) gives 



l 

Res Ci?a( s )= Res Cd(s)+ Res V fcfa, r, 1) Tr (e r (Y)|L>|~ s ) + h(s, 0, 2) Tr (F 2 |D|- 

s=n— 2 s=n—2 s=n—2 — ' 



r=0 

We have h(s,0, 1) = -§, /i(s,l,l) = ±(§) 2 and fr(s,0,2) = |(|) 2 . Using again LemmaOI(i). 
Y ~ XD~ 2 - \V(X)D- i - \X 2 D^ mod OP -3 . 

Thus, 

s ReS 2 Tr (Y|P|- S ) = j X\D\~ n - \ j (V (X) + X 2 )\D\' 2 - n . 
Moreover, using fV(X)\D\~ k = for any k > since J is a trace, 

Res Tr(e(Y)|Pr s ) = Res Tr (V(X)Zr 4 |P|- s ) = / V(X)|P|- 2 - n = 0. 

s=n—2 s=n—2 J 

Similarly, since Y ~ XD~ 2 mod OP~ 2 and Y 2 ~ X 2 D~ 4 mod OP -3 , we get 
Res Tr (Y 2 |P|- S ) = Res Tr (X 2 D- 4 \D\' S ) = -f X 2 \D\' 

s=n—2 s=n— 2 J 
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-2-n 



-2 1 m-2-n 



Thus, 

Res = Hes CdW+(-^)(/ *|I>r - |/(V(X) + X 2 )!^- 2 -) 

s=n— 2 s=n— 2 J J 

+ ^) 2 / vpopr 2 "" + i(^) 2 ^ x 2 |d| 

Finally, 

Res W«) = Res CdOO + {-^)U X\D\~ n - \ I ' X*\D\-^) + \{^ f I X 2 \D\-^ 

and the result follows from Proposition 14.81 □ 

Corollary 4.11. // the spectral triple is simple and satisfies f\D\~^ n ~ 2 ^ = j AV\D\~ n = 
jVA\D\~ n = 0, then 

j\D A \-^ = ^^-{j AVAV\D\- n ~ 2 + 2=2 j A 2 \D\- n ). 

Proof. By previous lemma, 

Res 2 ( DA (s) = s=2 ( - j A 2 \D\~ n + ^j{AVAV + VAVA + AV 2 A + VA 2 V)\D\- n - 2 ). 

Since V(-A) E OP 1 , the trace property of / yields the result. □ 

5 The noncommutative torus 
5.1 Notations 

Let C°°(Tq) be the smooth noncommutative n-torus associated to a non-zero skew-symmetric 
deformation matrix E M n (R) (see [6], [30]). This means that C°°(Tq) is the algebra generated 
by n unitaries itj, i = 1, . . . , n subject to the relations 

UiUj = e ie>lj Uj u-i, (40) 

and with Schwartz coefficients: an element a E C°°(Tq) can be written as a = Ylkez™ a k U k , 
where {a k } E S(Z n ) with the Weyl elements defined by U k := e ~i k - xk u kl ■ ■ ■ k E Z n , 
relation (fiOl) reads 

= e-5 fc - e <? U k+q , and £/ fc Z7 ? = e" ifc - e<? U q U k (41) 

where % is the matrix restriction of G to its upper triangular part. Thus unitary operators U k 
satisfy Uj*. = U- k and [Uk,Ui] = —2isin(^k.Ql) U k +i- 

Let r be the trace on C°°(Tq) defined by T(^ fcgZ „ a k Uk) '■= «o and T~t T be the GNS Hilbert 
space obtained by completion of C°°(Tq) with respect of the norm induced by the scalar product 
(a,b) := r(a*b). On 7i T = { J2kez n a k Uk '■ { a k}k E Z 2 (Z")}, we consider the left and right 
regular representations of C°°(Tq) by bounded operators, that we denote respectively by L(.) 
and R(.). 

Let also <5 M , \x E { 1, . . . , n }, be the n (pairwise commuting) canonical derivations, defined by 

SJU k ) := ik^U k . (42) 
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We need to fix notations: let A® := C°°(Tq) acting on TL := TL T (g) C 2 " 1 with n = 2m or 
n = 2m + 1 (i.e., m = |_§ J is the integer part of the square integrable sections of the trivial 
spin bundle over T". 

Each element of As is represented on TL as L(a) (g) l 2 m where L (resp. R) is the left (resp. 
right) multiplication. The Tomita conjugation Jo(a) := a* satisfies [Jo,^] = and we define 
J ■= Jo <8> Co where Co is an operator on C 2 . The Dirac operator is given by 

P:=-i^®y, (43) 

where we use hermitian Dirac matrices 7. It is defined and symmetric on the dense subset of TL 
given by C°°(Tq) (g) C 2 ™. We still note T> its selfadjoint extension. This implies 

Col a = s^Co, (44) 

and 

V U k ®ei = k^JJk (g> 7^, 

where (ej) is the canonical basis of C 2 "\ Moreover, Cq = ±l 2 m depending on the parity of m. 
Finally, one introduces the chirality (which in the even case is x := id® (— i) m 7 1 • • • 7") and this 
yields that (Aq, TL, T>, J, x) satisfies all axioms of a spectral triple, see [8,23]. 
The perturbed Dirac operator V U VV* by the unitary 

V u := (L(n) ® l 2 m)j(L(u) <g> l 2 m) J" 1 , 

defined for every unitary u £ A, uu* = u*u = Uq, must satisfy condition ([3|) (which is equivalent 
to TL being endowed with a structure of .Ae-bimodule). This yields the necessity of a symmetrized 
covariant Dirac operator: 

V A :=V + A + tJ AJ- 1 
since V U VV* = ^L(«)®i 2 ™[z>,L(«*)c53i 2 m] : in fact, for a G A e , using JoL(a)J _1 = R(a*), we get 

eJ(L(a) ® 7 a )^ 1 = -R(a*) ® 7° 
and that the representation L and the anti-representation R are C-linear, commute and satisfy 

[S a ,L(a)] = L(5 a a), [5 a ,R(a)] = R(5 a a). 
This induces some covariance property for the Dirac operator: one checks that for all k £ Z n , 

L(U k ) (g> 1 2 ™[V,L(UZ) (g> lam] = 1 ® (-VA (45) 
so with OH), we get J7 fc [X>, C/*] + eJU k [V, £/*] J" 1 = and 

v U k ^>V{j k = V = X>£(f/ fc )®i 2m p,£(i7*)®i 2ra ]. (46) 
Moreover, we get the gauge transformation: 

V u T>aY* = V Ju(A) (47) 
where the gauged transform one-form of A is 

j u (A) :=u[V,u*]+uAu*, (48) 
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with the shorthand L(u) ® l2 m — * u. 

As a consequence, the spectral action is gauge invariant: 

S(V A ,$,A) =5(2? 7u(A) ,$,A). 

An arbitrary selfadjoint one-form A, can be written as 

A = L(-iA a ) ® 7 a , A Q = -A; g A e , (49) 

thus 

V A = ~i {S a + L(A a ) - R(A a )) ® 7°. (50) 

Defining 

A a := L(A a ) — R(A a ), 
we get V\ = - 5 aia2 (<5 Ql + A ai )(5 a2 + A a2 ) ® 1 2 ™ - ±tt ai a 2 ® 7 ai ° 2 where 



2 l 

^aia2 • — Ifiai A A ai , S a2 A A Q2 ] — L(F aia2 ) R(F aiOC2J 



with 



-^0102 : — <5ai(Aa: 2 ) (-^ai ) A [A ai , A a2 ] . (51) 

In summary, 

V\ = -«5 Ql ° 2 (5 ai + L(A ai ) - R(A ai f) (5 a2 + L(A Q2 ) - i?(A Q2 )) ® l 2m 

-i (L(F Q1Q2 ) - i?(F aitt2 )) ® 7 aiaa . (52) 

5.2 Kernels and dimension spectrum 

We now compute the kernel of the perturbed Dirac operator: 

Proposition 5A. (i) KerP = U ® C 2 ™, so dimKerP = 2 m . 
(ii) For any selfadjoint one- form A, KerP C KerP^. 
(Hi) For any unitary wdi, KerP 7n M) = V u KerP^. 

Proof, (i) Let ip = J2kj c k,j Uk ® &j G KerP. Thus, = V 2 ip = J2k % c k,j\k\ 2 Uf, ® ej which 
entails that Ckj\k\ 2 = for any k £ II 1 and 1 < j < 2 m . The result follows, 
(ii) Let ^> G KerP. So, ip = Uq ® u with t> G C 2 ™ and from (i50j) . we get 

p A ^ = Vtp + (A + eJAJ" 1 )^ = (A + eJAJ" 1 )^ = — i[A Q , 17 ] ® -f a v = 

since ?7o is the unit of the algebra, which proves that ip G KerP^. 

(Hi) This is a direct consequence of (1171) . □ 

Corollary 5.2. Xei A be a selfadjoint one-form. Then KerP^ = KerP in the following cases: 

(i) A u := L(u) ® I2™ [D, L(u*) ® I2™ 1 ] w/ien u is a unitary in A. 

(ii) \\A\\ < i. 

(m^ T/ie matrix ^0 has only integral coefficients. 
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Proof, (i) This follows from previous result because V u (Uq (g) v) = Uq <8> v for any v G C 2 ™. 
(u) Let V = Sjfc,j °k,j Uk <8> &j be in Ker Da (so £ fc j \c k j\ 2 < oo) and ^ := £\ c j f7o ® ej. Thus 
ip' := ip — <f) £ Ker Z?^ since G Ker I? C KerT>A and 

II X) fc a^®7 a e i || 2 = ||2^ , || 2 = ||- (A + eJAJ~ VlP < 4|L4|| 2 |h//|| 2 < ||^|| 2 . 

Defining X fc := ^ a fc a 7 a , X\ = Y^ a \k a \ 2 h m is invertible and the vectors { Uk®X k ej }o^fceZ»,j 
are orthogonal in TC, so 

S (X^l 2 ) M 2 < S l Cfe .il 2 
which is possible only if c^j = 0, Vk, j that is V 7 ' = et ift = (ft G Ker P. 

(m) This is a consequence of the fact that the algebra is commutative, thus A+eJAJ -1 = 0. □ 

Note that if A u := A u + eJA u J~ l , then by (05]), 2^ = for all fc G Z n and pt/J = |fc|, but 
for an arbitrary unitary it G A, A u ^ so / f ■ 

Naturally the above result is also a direct consequence of the fact that the eigenspace of an iso- 
lated eigenvalue of an operator is not modified by small perturbations. However, it is interesting 
to compute the last result directly to emphasize the difficulty of the general case: 
Let ip = J2ieZ n ,Kj<2 m c i,j Ui ® ej G KerP^, so J2ieZ n ,Kj<2 m \ c ij\ 2 < 00 • We have to show that 
ift G Ker V that is qj = when I ^ 0. 
Taking the scalar product of (U k <S> et\ with 

= V A ift = %j{l a Ui - i[A a , 17,]) ® 7 Q e„ 

l,ot,j 

we obtain 

°= £ c l , j (l a 5 K i-i(U k ,[A a ,U l \))(e t , 1 a e j ). 

l,ot,j 

If A Q = Yj a ,i a a,i Ui <8> 7 a with { a a j }, G S(Z n ), note that J7 m ] = -2isin(|i.9m) [/j+ m and 
(t/it, [A*,f7 z ]) = ^ a Q/ (-2isin(iZ'.GZ)(C/ fc ,^ + ,) = -2ia ajk ^ sin(ifc.0Z). 

Thus 

n 2 m 

= i 1 * 5 ** - 2a ^ k - 1 Mh k - @l )) (ei^ a e 3 ), Vk G Z n , Vi, 1 < i < 2 m . (53) 

ig^n a=l j=l 

We conjecture that Ker I? = Ker T>a at least for generic 's: 

the constraints (j53H should imply c/j = for all j and all I ^ meaning tp G Ker P. When ^0 
has only integer coefficients, the sin part of these constraints disappears giving the result. 

Lemma 5.3. If ^0 is diophantine, Sp(C°°(Tq), 7i, T>^j = Z and all these poles are simple. 
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Proof. Let B £ T>(A) and p £ No- Suppose that B is of the form 

B = a r b r V q r- x XD\ Pr - 1 a r - 1 b r -. 1 ■ ■ ■ V^V^a^ 

where r £ N, a% £ .4, b% £ JAJ~ l , q%,Pi £ No- We note aj =: J2i a i,i^i an d &i =: 
With the shorthand k piytlq , := k pi ■ ■ ■ k^ q , and ^ x ^n = 7^ • • • y*«< , we get 

V<*\V\^a x b x U k ®e j = Y^ a lth b ltl! U h U k U Vi \k + h + l'^ (k + h + l' x )^ qi ® 7 w ' M?1 e,- 
which gives, after r iterations, 

r-l 

l,V i=i 
where ai := a X}h ■ ■ ■ a r j r and b v := bi^ ■ ■ ■ b^. 

Let us note F^k, I, V) := n[=i I k + h + {k + % + 1)^. and 7 M := j^'^ ■ ■ ■ j^K . 
Thus, with the shortcut ~ c meaning modulo a constant function towards the variable s, 

Tr (B\D\- 2 P- S ) ~ c Y! E °-*v T (U-kUi r ■ ■ ■ U h U k U t r • • • U Vr ) ^? Tr( 7 ") . 

k 1,1' 

Since U lr ■ ■ ■ U h U k = U k U lr • • • E^e-'Ei we get 

r{U^ k U lr ■ ■ ■ U h U k U l{ ■ ■ ■ U Vr ) = S^r^o eWW e -*E^-e* 
where <j) is a real valued function. Thus, 

Tr(5|D|— ) ~ c £' ^ w Trtf) 

k 1,1' 

The function /u(s) can be decomposed has a linear combination of zeta function of type described 
in Theorem 12. 171 (or, if r = 1 or all the pi are zero, in Theorem [23]). Thus, s ■-> Tr (5|Z)|- 2 p- s ) 
has only poles in Z and each pole is simple. Finally, by linearity, we get the result. □ 

The dimension spectrum of the noncommutative torus is simple: 

Proposition 5.4. (i) If ^0 is diophantine, the spectrum dimension of (C°°(Tq), 7i, P) is 
equal to the set {n — k : 6 No} and all these poles are simple. 
(11) Cd(0) =0. 

Proof, (i) Lemma 15.31 and Remark 13.91 

(ii) Cd(«) = £ fce z- E 1 < i < 2 -(^ ® ^ , |Z>|-ff fc (8 e,) = 2™(£' fc6Z „^ + 1) = 2 m (Z n (s) + 1). 
By (f2Tj) . we get the result. □ 

We have computed Cr>(0) relatively easily but the main difficulty of the present work is precisely 
to calculate Cd a (®)- 
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5.3 Noncommutative integral computations 

We fix a self-adjoint 1-form A on the noncommutative torus of dimension n. 

Proposition 5.5. If ^0 is diophantine, then the first elements of the expansion |5|) are given 
by 

j \D A \~ n = j \D\- n = 2 m+1 Tr n / 2 r(f)- 1 . (54) 

j\D A \ n ~ k = fork odd. 

j\D A \ n - 2 = 0. 
We need few technical lemmas: 

Lemma 5.6. On the noncommutative torus, for any t € R, 

jAD\D\- 1 =jvA\D\- 1 = 0. 
Proof. Using notations of (|49p . we have 

Ti(AV\D\- s ) ~ c J^jU'k^ ® e i' -^l^ri^a, 17*] ® 7 a 7^') 
~ c -i TrCW) Y,' k ^\k\- s (U k , [Aa, U k ]) = 
since (Uk, [A a , Uk]) = 0. Similarly 

Tr(VA\D\- s ) ~ c V . y-lUk ej, \k\~ s V a*,, 2 sin + 7^;) 

J ft; t 

~ c 2Tr(7^ 7 a )^' fc ^a^sin^(i + A;) /i |fc|- s (i7 fc ,C/i +fc ) = 0. □ 

Any element h in the algebra generated by A and [2?, A] can be written as a linear combination of 
terms of the form a\ Pl ■ ■ ■ a n Pr where aj are elements of A or [T>, A]. Such a term can be written 
as a series b := ^ ^l.ai.Zi ' " " a q,a q ,i^i\ ' ' ' Ui t <8> 7 Ql • • • 7 a,J where are Schwartz sequences 
and when en =: £ -A we se t a«,o,/ = tJi,z with 7° = 1. We define 

: = rE, a Wi ' ' ' <WA • • • ^) Tr( 7 Ql ■ • • 7 a «)- 
By linearity, L is defined as a linear form on the whole algebra generated by A and [P,.4]. 
Lemma 5.7. is an element of the algebra generated by A and [D,A], 

Tr [h\D\- s ) ~ c L{h)Z n (s). 
In particular, Tr (/i|Z)|~ s ) has at most one pole at s = n. 
Proof. We get with b of the form ai, aii / 1 • • • a q ^i q U h ■ ■ ■ U iq (g> 7 ai • • • 7^, 

kez n 1 

~ c r(J2 "i«*i,h ■ ■ ■ a i,a q ,l q U h ■■■U q ) Tr( 7 ai • • • 7°') Z n (s) = L(b) Z n {s). 
1 

The results follows now from linearity of the trace. □ 
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Lemma 5.8. If ^0 is diophantine, the function s i— > Tr [eJ AJ~ l A\D\~ S *} extends meromor- 
phically on the whole plane with only one possible pole at s = n. Moreover, this pole is simple 
and 

Res Tr (eJ AJ' 1 A\D\- S ) =a a0 a% 2 m+ V /2 r(n/2)- 1 . 

s=n ' ' 

Proof. With A = L(—iA a ) 7°, we get eJAJ~ x = R(iA a ) £g> 7°, and by multiplication 
eJAJ~ l A = R{Ap)L{A a ) <g> 7 /3 7 Q . Thus, 

Tr (eJAJ- l A\D\~ s ) ~ c (U k , A a U k A p ) \k\~ s Tt( 7 ^ a ) 

kez n 

~c Yl ' E a ^ a ^-< eifc ' ' i^r s Tr( 7 V) 



fcgZ" J 



Theorem 12.51 (n) entails that Ylkez™ J2i a a,i o--i e lk '® 1 \k\~ s extends meromorphically on the 
whole plane C with only one possible pole at s = n. Moreover, this pole is simple and we 
have 

Res J2 ' a <*,i a -i eik '° l \ k \~ S = a «,o ao ^s Z n {s). 



Equation (f2"Uj) now gives the result. □ 
Lemma 5.9. // ^0 is diophantine, then for any t G M., 

■fx\D\-* = 5 t , n 2 m+1 (-Y,a a ,ia« l + a afi a%) 2W 2 T(n/2)- 1 . 
J 1 

where X = AV + VA + 2 2 and A =: -i £ z Ui®^ a . 

Proof. By LemmaEU we get JX|L>|~' = Res s= o r Tr(A 2 \D\~ s ~ t ). Since A and eJ^4J _1 commute, 
we have A 2 = A 2 + J A 2 J" 1 + 2eJAJ"M. Thus, 

Tr(2 2 |D|- s -') = Tr(A 2 |L>|- s -*) + Tr(J A 2 J^D^ 3 - 1 ) + 2Tr{e J AJ' 1 A\D\- S - 1 ). 

Since |D| and J commute, we have with Lemma 15.71 

Tr (1 2 |L>|^*) ~ c 2L(A 2 ) Z n (s + t) + 2Tr [eJAJ^A^' 8 -*). 

Thus Lemma 15.81 entails that Tr(^4 2 |D| -,s- ') is holomorphic at if t ^ n. When t = n, 

Res Tr {A 2 \D\- S ~ l ) = 2 m+1 ( - E a ^ a -< + a a>0 a% ) 2W 2 r(n/2)" 1 , (55) 

I 

which gives the result. □ 
Lemma 5.10. If -J-Q is diophantine, then 



j AVAV\D\- 2 ~ n = -^4 A' 2 \D\-". 
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Proof. With VJ = eJV, we get 

j AVAV\D\- 2 - n = 2 J AVAV\D\- 2 ' n + 2^ eJ ' AJ~ l V AV\D\~ 2 ~ n . 
Let us first compute j AV AV\D\- 2 - n . We have, with A =: -iL(A a ) <g> 7° =: -i ^ a a ^Ui <g) 7° 
Tr {AVAV\D\- s - 2 - n ) ~ c J> Q2 ,, 2 a aith T (U- k U h U h U k ) %p!lb Tr( 7 ^) 



where 7°^ := y^y^ynyn _ ThuS) 

/ 



-f AVAV\D\- 2 - n = - J> Q2 ,^ a ai ,iRes (£' W^) Ml^) 



l k 

We have also, with eJAJ^ 1 = iR{A a ) <g> 7°, 

Tr (eJv4J _1 X>v4I>|£)| _s_2_n ) ~ c ^ ^ a^ M a nh T{U- k U h U k U h ) h ^^r Tr( 7 Q ^). 

which gives 

^eJAr x VAV\D\- 2 - n = a a2)0 a aii0 Res (^'^jfe) Tr( 7 a " 

Thus, 



i / AVAV\D\- 2 - n = (a a2i0 a ai , - £ a Q2i _,a Qlii ) Res s=0 E'npfe) Tr( 7 ^) 



With Ellpfer = %f^ n (s + n) and C n := Res s=0 Z n (s + n) = 2W 2 r(n/2)~ 1 we obtain 



\ I AVAV\D\- 2 - n = [a a2 , o a ai , 0^,-^,0 ^^Vt^)- 



2 , 

J l 
Since Tr(7 a2 7^ 7 ai 7 M ) = 2 m (2 - n)5 a2 < ai , we get 

UAVAV\D\~ 2 - n = 2 m {- a Qi0 a% + J> Q ,_, af)^^. 

1 

Equation ([55]) now proves the lemma. □ 
Lemma 5.11. If ^@ is diophantine, then for any P £ ^i(A) and q £ N, q odd, 



/p| ,- 



(n-g) _ q_ 



Proof There exist 5 £ T>i(A) and p £ N such that P = BD~ 2v + R where is in OP~ q ~ l . 
As a consequence, / P\D\-( n ~^ = j B\D\- n ~ 2 P + i. Assume B = aA^^r-A-l ■ ■•V* l a 1 bi 
where r £ N, a, £ A, h £ % £ N. If we prove that / B\D\~ n ~ 2p+g = 0, then the general 
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case will follow by linearity. We note Oj =: J2i a i,i Ul an d =: Yli Ui- With the shorthand 
k^n,. := ■ ■ ■ k^. and 7^'^ = • • • 7^ , we get 



which gives, after iteration, 

B C^fc ® e,- = • • • u h u h u A ■ ■ ■ u Vr H(k + k +3)^ ® y^-'C-i . . . 7 «i, 



r-1 

, r— 1 r — 1 



J.J' i=l 



where a; := ai^ • ■ • a r)ip and 6// := 6 X ^ • • • 6 r ^. Let's note Qfj,(k,l,l') := ]J r i=1 (k + + ZQ^i 
and 7^ := 7^ ,A *«r-i . . . . Thus, 

f BlDl -n-2 P+q = ^aiW r{U^ k U lr ■ ■ ■ U h U h U Vi ■ ■ ■ U Vr ) ]k f + { ^2 q Tr(-f) . 

J k 1,1' 

Since U lr • ■ • = ■ ■ ■ t^e"' S^- efe , we get 

r(C/- fc ^ r • • • U h U k U l{ ■ ■ ■ U Vr ) = 5 Uh+l , fi e W) e -*E^-e* 
where </> is a real valued function. Thus, 



B\D\— = Rjs£' ^ e <#fl tait+ ,, oS ,6,,a ! ipg|^^ (7 , ) 



fe J,J' 

-Res/^Tr^). 



We decompose Q^k, I, I') as a sum X^/i=o ^-h,fj,(h Qh,p(k) where Qji,^ is a homogeneous poly- 
nomial in (fci,-- - , k n ) and M htfl (l,l') is a polynomial in - , (l r ) n , ■ ■ ■ ,(l' r ) n )- 
Similarly, we decompose /^(s) as Y^h=o fh,n(s). Theorem 12.51 (ii) entails that fh,n(s) extends 
meromorphically to the whole complex plane C with only one possible pole for s+2p+n— q = n+d 
where d := deg Qh,n- In other words, if d + q — 2p / 0, fh,fi(s) is holomorphic at s = 0. Suppose 
now d + q — 2p = (note that this implies that d is odd, since q is odd by hypothesis), then, by 
Theorem 12.51 (ii) 



Res hJs) = V Q h Ju)dS(u) 
3=0 Jucs™- 1 



is 



where V := Zi,i>ez M h ^(l, I') eW) 6^.+^ a x b v and Z := {l,l> : ELi U = 0}. Since d 
odd, Qh,n{-u) = -Qh,v( u ) and Sues™- 1 Qh,n{u)dS(u) = 0. Thus, Res fh,n(s) = in any case, 
which gives the result. □ 

As we have seen, the crucial point of the preceding lemma is the decomposition of the numer- 
ator of the series /^(s) as polynomials in k. This has been possible because we restricted our 
pseudodifferential operators to *&i(A). 



Proof of Proposition 15.51 The top element follows from Proposition 14.91 and according to ([20 

i\D\- n = Res Ti(\D\- s - n ) = 2 m Res Z n {s + n) = ^±^ n/2 
J s=o v ' s=o H' 



(n/2) • 
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For the second equality, we get from Lemmas 15,71 and 14.61 

Res, ( Da (s) = V V h(n- k,r,p)Je^(Y) • • • e r ^Y)\D\-^ k \ 
s=n—k * — ' ' — ' / 
pln,-,r p =0 J 

Corollary 14.41 and Lemma 15.111 imply that j s n (Y) ■ ■ ■ s rv (Y)\D\~( n ~ k ^ = 0, which gives the 
result. 

Last equality follows from Lemma 15.101 and Corollary 14.111 □ 

6 The spectral action 

Here is the main result of this section. 

Theorem 6.1. Consider the n-NC-torus (C°° (Tg) ,H,T>) where n G N and ^0 is a real nx n 
skew- symmetric real diophantine matrix, and a selfadjoint one-form A = L(—iA a ) (g) 7°. Then, 
the full spectral action of T> A =T> + A + eJAJ^ 1 is 

(i) for n = 2, 

S(V A , A) = 4tt $ 2 A 2 + 0(A- 2 ), 

(ii) for n = 4, 

S(V A ,$,A) = 8vr 2 $ 4 A 4 -^ <E>(0) t{F^ v F^ u ) + C(A -2 ), 
(Hi) More generally, in 

n 

S(V A ,$,A) = Y.^n-kCn^iA) A n ~ k + ©(A- 1 ), 

k=0 

c n _2(^4) = 0, c n _k{A) = for k odd. In particular, cq{A) = when n is odd. 

This result (for n = 4) has also been obtained in [20] using the heat kernel method. It is however 
interesting to get the result via direct computations of (|5]) since it shows how this formula is 
efficient. As we will see, the computation of all the noncommutative integrals require a lot of 
technical steps. One of the main points, namely to isolate where the Diophantine condition on 
is assumed, is outlined here. 

Remark 6.2. Note that all terms must be gauge invariants, namely, according to \4^ ; invariant 
by A a — > Ju(A a ) = uA a u* + u5 a (u*). A particular case is u = Uk where Ukd~ a (U£) = —ik a Uo- 
In the same way, note that there is no contradiction with the commutative case where, for any 
selfadjoint one-form A, T> A = (so A is equivalent to 0!), since we assume in Theorem \6.1\ that 
O is diophantine, so A cannot be commutative. 

Conjecture 6.3. The constant term of the spectral action ofT> A on the noncommutative n-torus 
is proportional to the constant term of the spectral action ofD + A on the commutative n-torus. 

Remark 6.4. The appearance of a Diophantine condition for has been characterized in di- 
mension 2 by Connes [7, Prop. ^9] where in this case, = ) with 6 E R. In fact, the 
Hochschild cohomology H(Aq, Ae*) satisfies dim H 3 (A®,A®*) = 2 (or 1) for j = 1 (or j = 2) 
if and only if the irrational number 8 satisfies a Diophantine condition like 1 1 — e x2vrri6» | l _ Q^ n k^ 
for some k. 

Recall that when the matrix is quite irrational (see [23, Cor. 2.12]), then the C* -algebra 
generated by Aq is simple. 
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Remark 6.5. It is possible to generalize above theorem to the case T> = —ig^^S^ <S> 7^ instead 
of (|43p when g is a positive definite constant matrix. The formulae in Theorem \ 6.1\ are still 
valid. 



6.1 Computations of j 

In order to get this theorem, let us prove a few technical lemmas. 

We suppose from now on that is a skew-symmetric matrix in M n (M). No other hypothesis is 
assumed for O, except when it is explicitly stated. 

When A is a selfadjoint one-form, we define for n€N,q£N,2<q<n and a G {—, +} q 

A+ := AVD~ 2 , 

A~ := eJAJ^VD- 2 , 

A a := A a « ■ ■ ■ A* 1 . 



Lemma 6.6. We have for any g£N, 



jiAD' 1 )" = j(AVD- 2 ) q = j 



A° 

e{ +,-}«' 

Proof. Since P G OP' 00 , D' 1 = VD~ 2 mod OP' 00 and f (11^ 1 )" = j(AVD- 2 ) q . □ 

Lemma 6.7. Let Abe a selfadjoint one-form, n G N and g£N with 2 < q < n and a G {— , +} q . 
Then 

' 'a- 



Proof. Let us first check that JPo = PqJ. Since VJ = eJV, we get VJPq = so JPq = 
P0JP0. Since J is an antiunitary operator, we get PqJ = P0JP0 and finally, PqJ = JPq. As a 
consequence, we get JD 2 = D 2 J, JVD~ 2 = eVD- 2 J, JA+J" 1 = A" and JA^J^ 1 = A+. 
In summary, JA CTi J -1 = A - °\ 
The trace property of J now gives 



□ 



j- A CT = j- A aq ■ ■ ■ A ai = j- JA a i J- 1 --- JA ai ,r l j A- a " ■ ■ ■ A- ai = j A~ a . 
Definition 6.8. In [4] has been introduced the vanishing tadpole hypothesis: 

j AD' 1 = 0, for all A G n^(A). (56) 

By the following lemma, this condition is satisfied for the noncommutative torus, a fact more or 
less already known within the noncommutative community [34]. 

Lemma 6.9. Let n G N, A = L(-iA a )®j a = -i X) leZ „ a a>l Ui®j a , A a G Aq, { a a< i }i G S(Z n ), 
be a hermitian one-form. Then, 

(i) jAPD- q = j^JAJ'^PD-i = for p > and 1 < q < n (case p = q = 1 is tadpole 
hypothesis.) 

(ii) If 2^:0 is diophantine, then j BD~ q = for 1 < q < n and any B in the algebra generated 
by A, [V,A], JAJ' 1 and J[V,A]J- 1 . 
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Proof, (i) Let us compute 

j A p {eJAJ' l f' D- q . 
With A = L{-iA a ) ® 7° and eJAJ' 1 = R(iA a ) ® 7°, we get 

AP = L(-iA ai )■■■ L(-iA ap ) <g> 7 ai ■ ■ ■ 7 ap 

and 

(eJAJ-y = R{iA a i )■■■ R(iA a i , ) ® 7^ • ■ ■ 7^' . 
We note a Qj/ := a ai)h • • • a ap ^ p . Since 

L(-a Ql ) ■ • • L(-iA ap )R(iA a[ ) ■ ■ ■ R{iA a , p/ )U k = {-if i p ' E«cM CT^ • • • U lp U k U Vpi ■ ■ ■ t/j,, 
and 

U h ---U h U k = U k U h ---U h e-^ l ^ ek , 

we get, with 

f/ M ' ■=u h ---u lp u Vi ---u l , i , 

p' 1 

9n,a,a'(s,k,l,l') ■=e lk - e ^'j lj k ^'+i q q a a ^a a >^, 

ryOi,a! ,\x ._ ai . . . ^"p^a'i . . . y* p 'yn . . . 

AP(eJAJ-y £r«|D|- a l7 fc ® e, ~ c H) p / E <? m , qX (s, fc, I, I') U k U liV ® 7 a ' a> e;. 

M' 

Thus,/ ^(eJAJ- 1 /^-? = Res /(s) where 

/(s) : = Tr (A^eJAJ-yD-^Dl- 3 ) 

~ C H) P * P ' E Vfe ® ei, E 5M,«,a'(s, fc, Z, i') Wl.i' ® 7 a,a> e;> 



~ c H) p ^' E' r (E w(^^^o^M')^(7 M ' a ' Q ') 

~ C H) P * P ' E ' E W(«> fc. h T {Ul,l') Tr( 7 ^ Q '). 

It is straightforward to check that the series Y^'k 1 i'9n,a,a'( s , k, I, I') t(Ui^ is absolutely summablc 
if K(s) > R for a R > 0. Thus, we can exchange the summation on fc and /, which gives 

/(*) ~c H) p / E E W(^.MV(^) Tr( 7 ^'). 

If we suppose now that p' = 0, we see that, 

/(*) -c (-.) P E E'wfe £ ^fe 1 ^oTr(7^') 
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which is, by Proposition ^. 16l analytic at 0. In particular, for p = q = 1, we see that f AD 1 = 0, 
i.e. the vanishing tadpole hypothesis is satisfied. Similarly, if we suppose p = 0, we get 

V fcez™ 

which is holomorphic at 0. 

(ii) Adapting the proof of Lemma[5JJ]to our setting (taking qi = 0, and adding gamma matrices 
components), we see that 

IbD~« = Res £eW) 

fc Z,Z' 

where 7 (^> a >^) [ s a complicated product of gamma matrices. By Theorem 12.51 (ii), since we 
suppose here that ^0 is diophantine, this residue is 0. □ 

6.1.1 Even dimensional case 

Corollary 6.10. Same hypothesis as in Lemma flOl 

(i) Case n = 2: 

fAiD-* = -5 q)2 iirT(A a A a ). 

(ii) Case n = 4: with the shorthand 5^,...,^ ■= <V lAt2 <W 4 + <W 3 <W4 + ^lW^swi 

A q D~ q = 5 qA £r{A ai ■ ■ ■ A ai ) Tr( 7 ^ • • • f^V 1 • ■ ■ 7 W )<5 W ,..., W • 

Proof, (i, ii) The same computation as in Lemma 16.91 (i) (with p' = 0, p = q = n) gives 

/i"D-« = Re S Hr(^'^)r( £ 3^ • • • C/ Zn ) Tr( 7 ^ • • • 7 «» 7 ^ • • • y») 

fcez™ /e(Z") n 

and the result follows from Proposition 12.161 □ 
We will use few notations: 

If n G N, q > 2, I := ■ ■ , Z 9 _i) G (Z")^ 1 , a := (a 1; • • • , a<? ) G {1, • • • , n}<*, fc G Z"\{0}, 
a G {-+}«, K)i<*<„ G (S(Z n )r, 

l q '=— ^2 ' ^cr ■= (-i) q ] f cry, a aj j := 0^,^ . . . a aq ,i q , 

1<J'<3-1 j=l— 9 

(j) a {k,l):= (o-j -a q )k.eij + ^ tr,- (Zi + . . . + lj-i).eij , 

1<?'<?-1 2<j< 9 -1 

5M S > fc, ZJ := | fc | S +2| fc _ Hl |2_| A . + ; 1+ _ +Z9 _ 1 |2 j 

with the convention X^2<j<<j-i = when q = 2, and g^(s,k,l) = whenever Zj = —A; for a 
1< i < a - 1. 
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Lemma 6.11. Let A = L(— iA a ) tg) 7" = — i J2iez n a a,l Ui (8> 7° where A a = —A* a £ .Ae and 
{ a a,i }i G 5(Z n ), n£N, 6e a hermitian one-form, and let 2 < q < n, a £ {— , 
Then, f A a = Res /(s) where 

f( s ) ■= E E' A - e ^ (fc '° V'.M) 5 ^ Tr( 7 ^7^---7 ai 7 w )- 
Proof. By definition, f A°" = Res /(s) where 

Ti(A a " ■ ■ ■ A ai \D\- s ) ~ c Vfe ® e 4 , A CT * • • ■ A ffl C/ fc ® e<) =: /(a). 

Let r G and v £ C 2 "\ Since A = L(-iA a ) ® 7°, and eJAJ' 1 = R{iA a ) ® 7°, we get 
A + U r ®v = AVD- 2 U r ®v = A^^-Ur (g> 7 "u = -i ^ Srfi A a U r ® 7°7^ , 
A-C/,. ® t; = eJAJ^VD^Ur <g> v = eJAJ~ l |r|2 r ^ - U f ® 7^ = i |r|2 r _^ q A a (8) 7°7^. 

With C7jC7 r = e^ r - e '[/ r+ i and [/ r £/j = e~i r - @l U r+ i, we obtain, for any 1 < j < g, 

A^'[/ r <g> v = Y (-OjO » ^ ^ a a,/ ^r+i ® 7^7^ • 

We now apply q times this formula to get 

\k\- s A^---A^U k ® ei =K Yl e ^ Mk ' l) 9„(s,k,l)a a ,i C/ fe+E . ® 7^7"* • • • 7 ai 7 M1 e 4 

with 

:= 0-1 fc.BZi + o- 2 (k + ii).GZ 2 + . . . + a q (k + h + . . . + l q -i).@l q . 

Thus, 

/(*) = E' T ( A<T E e3^'0^( S)M )S ajZ [/^ 
feeZ" ze(z n )<2 

= E' A - E ^ W) ^( S ,fc,/)^5(^/ J )Tr(7 a '7 M9 ---7 Ql 7 Atl ) 

= E' A - E e3Mfc,0^( S|fcjZ ) Sa)J Tr( 7 ^7^---7 Q1 7 W ) 

fcez™ ie(z»)9-i 

where in the last sum l q is fixed to — Ylx<j<q-x h anc ^ thus, 

<p a (k,l)= Y (crj - a q )k.eij + Y + ... + lj-i).eij. 

1<3<3-1 2<j<q-l 

By Lemma 12.10} there exists a i? > such that for any s £ C with 3i(s) > R, the family 

(gl'M ') g^( S ,k,l) a a,z)(A,. j /) G (Z"\{o})x(Z")'3-i 

is absolutely summable as a linear combination of families of the type considered in that lemma. 
As a consequence, we can exchange the summations on k and /, which gives the result. □ 
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In the following, we will use the shorthand 

r — 4?r 2 
C — 3 . 



Lemma 6.12. Suppose n = 4. Then, with the same hypothesis of Lemma \6.11\ 

(i) ±/(A+) 2 = i/(A~) 2 = c £ a aii! a a2H (Z^Z« 2 - ^ 2 |Z| 2 ). 

(ii) - i I (A+) 3 = -\l (A-) 3 = 4c ^ a^,-,^ a£ a aij/l sin ^fz j«3. 
fmj i /(A+) 4 = J /(A") 4 = 2c £ a^-h-fa-fc <W 3 o£ a" 2 sin ^%±^ rfnkHfci 



(wj Suppose diophantine. Then the crossed terms in /(A + + A ) 9 vanish: if C is the 
set of all a 6 {— , +} 9 u«t/t 2 < q < 4, swc/t £/tcrf i/iere exisi satisfying o~i ^ o~j, we have 

>:,r.f-' 

Proof, (i) Lemma 16.111 entails that JA ++ = Res^ gZ „ —f(s,l) where 



: = E' |t|^+z| 2 Tr( 7 « 2 7 ^7 ai 7 Ml ) and a a>l := a ai 



l 0,02,-1 



k&L n 



We will now reduce the computation of the residue of an expression involving terms like |/c + /| 2 in 
the denominator to the computation of residues of zeta functions. To proceed, we use (fT6|) into 
an expression like the one appearing in /(s, I). We see that the last term on the righthandside 
yields a Z n {s) while the first one is less divergent by one power of k. If this is not enough, 
we repeat this operation for the new factor of \k + Z| 2 in the denominator. For f(s,l), which 
is quadratically divergent at s = 0, we have to repeat this operation three times before ending 
with a convergent result. All the remaining terms are expressible in terms of Z n functions. We 
get, using three times (fTBT) . 

1 _ 1 _ 2k.l+\l\ 2 (2fcJ+|/| 2 ) 2 _ (2fcJ+|/| 2 ) 3 /c 7 \ 
]FHp — ffcp ffcp 1 \k\ fi \k+l\ 2 ' 

Let us define f ^ 

fa,n(s,l) ■= ^2 \k\s+z\k+l\ 2 ® a > 1 
kez n 

so that f(s,l) = / a ^(s,0Tr(7 Q2 7^ 2 7 Ql 7^). Equation ([57} gives 

fa,»(s, I) = h(s, I) - f 2 (s, I) + f 3 (s, I) - r(s, I) 
with obvious identifications. Note that the function 

( i\ _ V"^ ' (fc+i) M2 (2fci+|/| 2 ) 3 ~ 

nvj - 2^ — |fc|*+»|fc+zi 2 — °v 

kez,™ 

is a linear combination of functions of the type H(s, I) satisfying the hypothesis of Corollary l2.13l 
Thus, r(s,l) satisfies (HI) and with the previously seen equivalence relation modulo functions 
satisfying this hypothesis we get f a ^(s, I) ~ /i(s, I) - f 2 (s, I) + / 3 (s, I). 
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Let's now compute fi(s,l). 

kez™ fceZ" 



Proposition 12.11 entails that s i— > Y^k& n> ls holomorphic at 0. Thus, fi(s,l) satisfies (HI), 
and f a ,n(s,l) ~ -f2{s,l) + f3(s,l). 

Let's now compute /2(s,0 modulo (HI). We get, using several times Proposition 12.11 

// j\ \ A ' ^Vl (^^0^2 ( 2 ^+|^| 2 ) ' — ' \ A ' (2fc7)fc^ ^(^^O^^l ^M2 "^Kl^^/^l ~^M2 I^I^^Ml — 
2\S,L) — [fcpF 5 a a,l — 2_, |^+ B 



n i \ ' ( 2 fcO fc Mi^M2 ~ , i \ ^ / l^l 2fc Mi fe A'2 -x , _|_ n 

U |fc|s+6 °a,Z T 2_^/ — \k\ a + & — a > 1 • 



Recall that gZ „^ = ^ Zn ( s + 4 ). Thus, 

/ 2 (a, ~ 2l% 2 a a /-^Z n (s + 4) + |/| 2 a Qj/ %^Z n ( S + 4). 
Finally, let us compute /s(s,Z) modulo (HI) following the same principles: 



f (e n _ V" / fc AM(fc+'M 2 ^+KI 2 ) 2 ~ 

j3i'Vj — ffcp+s 



\k\ 



(2fc/) 2 fc Ml fc M2 + (2A:0 2 fc Ml Z M2 + U| 4 fc Ml fc M2 + |Z| 4 fc M1 Z M2 +(4fcQ|Z| 2 fc Ml A ; ^ a +(4fc^)|Z| 2 fc M:L ^ M2 ~ 

[fcpFS a a,7 



k&L 



In conclusion, 

~, 7 _l 1 7|2 x YZ . 7 ( o _l_ A\ _l_ Anion M 

1*1 



~ -|(2Z W Z M2 + |/| 2 «5 MW ,)o ai ,Z n (a + 4) + 4ZT a Q> , ]T '^g^ 2 - =: g a ,^s, I). 



Proposition (|2.ip entails that Z n (s + 4) and s t— > X^fcgZ"' "^%pf^ M2 extend holomorphically in a 
punctured open disk centered at 0. Thus, g a ^(s,l) satisfies (H2) and we can apply Lemma [2. 141 
to get 

- /(A+) 2 = Res Y, = E Re n s ^m( s > W'VW 1 ) =: ]T Res /)• 

/ s=0 ' — * * — ' s=0 * — » s=0 

The problem is now reduced to the computation of Res g(s, I). Recall that Res s= o -£4(5+4) = 27r 2 
by (gQJ or (JTID, and 



ReS s= o E fc '|fc : jH-8 m = {Sij&lm + ^«5j m + Si m Sjl) j2 ■ 

kez n 

Thus, 



Res ga^i^s,!) — g a«,; (^1^2 ~l~ 2HI ^1/^2)- 



42 



We will use 

Tr(7 w • • • 7^) = Tr(l) £ s(P) 6,^5^^ • • • 6^.^, (58) 

all pairings of { l—2j } 

where s(P) is the signature of the permutation P when Pi m ~\ < Pim f° r 1 < ?n < ra. This gives 
Thus, 

Res g{s,l) = -ca a j (Z W Z M2 + \\l\ 2 5^ 2 ){5 a2 ^ 2 5 ai ^ - 5 aia2 5^ + S a2 ^S^ ai ) 
= -2ca a j (l ai l a2 -5 aia2 \l\ 2 ). 

Finally, 

i-/(A+) 2 = i-/(A-) 2 = c ^,1**2,-1 {l ai l a2 -S a ' a2 \l\ 2 ). 
(ii) Lemma f6 . 1 1 1 entails that f A +++ = ResJ^^ i 2 )^(z n ) 2 f( s J) where 

S{s,l) .- 2^ lkl s + 2 ]k+hl 2 lk+ i 2l 2 Oa,ilH7 7 7 7 7 7 J 

fcez™ 

=: f a ^(s, I) Tr( 7 a3 7^7 a2 7^7 ai 7«) ) 



and a at i := a aith a a2th a a3 _f 2 with l 2 := /1 + / 2 - 
We use the same technique as in (i): 

1 _ 1 2fc./ 1 +|i 1 | 2 (2fcj 1 +|; 1 | 2 ) 2 

\k+h\ 2 ~ \k\ 2 [fcj 3 h |fc| 4 |fc+/i| 2 ' 

1^ _ _J 2fc.f 2 + N 2 1 (2fc.T 2 + |^| 2 ) 2 

|fc+Z 2 | 2 |/c| 2 [*P |fc| 4 |fc+/ 2 | 2 

and thus, 

where the remain R(k, I) is a term of order at most —6 in k. Equation (|6(J|) gives 
where r(s,l) corresponds to R(k,l). Note that the function 

' AhBh k lil (k+l) tl , 2 (k+l 2 )^R(k,l) - 



fcez™ 



is a linear combination of functions of the type H (s, /) satisfying the hypothesis of Corollary 
(I2.13p . Thus, r(s,l) satisfies (HI) and f a ,n{s,l) ~ fi(s,l). 
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Let us compute fi(s,l) modulo (HI) 

f ( B n _ '^^hOh k^jk+l^^jk+h)^ ~ \ - ' U x Ql % fc Ml (fc+/i) M2 (fc+r 2 ) M3 (2fc.fi+2fc.T 2 ) ~ 
/II s ) 'J — iez |fc| s + 6 a a,l — le \k\ s + 8 a ' 1 



' ^h@h fc Ml fc M 2 '2M3+ fc Ml A ->3^M2 ~ \" '■ Ml^h k n fc M2 k n ( 2k -h+2kT 2 ) 



--ie^a^ih^^ + ^ 3 <W) i^(s + 4) - 2(l\ +%) £ '^jf^i) 



Since g a ,p(s,l) satisfies (H2), we can apply Lemma l2,14l to get 
/(A+) 3 = Res fM 

J / 7 7 \ frTTn \9 



(Zi,/ 2 )e(z«) 2 

V Res fc^MTr^VVVVV 1 ) =■ 
(h,h)e(z™) 2 i 



Recall that l 3 := ~h - h = ~h- By HZD and (fT9|) . 



Res g a ^(s,l)ie2 h0h a at i(2(-l\ + £ 3 ) 1 I ^(<W2 ( W + <W 3 <W + 



s=0 



We decompose in five terms: X/ = 2 m ^ i e % hei2 a a>l (Tj + T 2 + T 3 + T 4 + T 5 ) where 



Jo 

?5 



(S 0l3l 'S a2P 5 0ll,i — § a 3 u fi a iP§ a 2t l _|_ J 03 ^' 3 ^ 01 " 2 )^ 
|-_ ( jaia3^a 2 p^M^ _|_ ^ai«3 gpu^a2fJ, _ ^«i«3 ^PP^a^^ ji Q 
^"3M^2P^ai^ _ fia3Hfipv ^aia 2 _|_ ^P^aiP^a^jj^ 



With the shorthand p := — Zi — 2/3, g := 2Zi + Z3, r := — p — q = —l\ + Z3, we compute each Tj, 
and find 

32^ _ ( jcna2^2 — 2 m )p a3 + (5 a » a ig a2 — £ a 2<*ig<*3 _|_ ^oga^c*! _|_ ^a3"2 r ai _ fiOL 2 a lr a- A _|_ ^a 3 ai r a2 

_ — 2)5 a2Q3 p ai — 2 m (5 Q2Q!3 g ai — 2 m S a2013 r ai 

3J> 3 — ( jcna3p«2 _ ^a2a3p«i _|_ ^"1^2^0:3 _|_ 2 m § a2ai q a 3 _|_ ^o^o^ai _ ^agai^o^ _|_ ^^02^3 
3T 4 = _5 a l a 32 m p"2 _ S * ias2 m q a 2 + jaia 3 ( 2 ™ _ 2) r a2 , 

3J> 5 _ ^lO^pO^ _ £aia2pa3 _|_ ^o^o^cn _|_ ^a3"2gai _ ^aia2g«3 _|_ ( jct3aiga2 _|_ (2 — 2 ms j§ aia2 r° 3 



Thus, 



Xi = 2 m ^iei ll - ei2 a at i(q a;i 5 aia2 +r a2 5 aia3 +p ai 5 a2a3 ) (61) 
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and 



j(A + f = i 2c (S1 + S2 + S3), 

where Si, S2 and S3 correspond to respectively q^gi 011012 ^ r <x2fiaiaz anc [ pai^a^^ j n 5^ we 
permute the Zj variables the following way: Zi Z3, Z 2 l— > Zi, Z3 l— > Z 2 . Therefore, Z3.© Zi Z3.@Zi 
and g 1— > r. With a similar permutation of the on, we see that Si = S2. We apply the same 
principles to prove that Si = S3 (using permutation l\ ^ Z 2 , h •— ► h, h l— * h)- Thus, 

i -/(A+) 3 = i 2c Y,a a ,i ei ll - 6h (h - l 2 ) a H a ^ = S 4 - S B , 
< 1 

where S4 correspond to li and S5 to Z 2 . We permute the Zj variables in S5 the following way: 
h l— ► Z2, Z2 1— > Zi, Z3 1 — ► Z3, with a similar permutation on the on. Since Z1.BZ2 1— ► — Z1.BZ2, we 
finally get 

1 i(A+) 3 = -4 C ^a Ql , il a a2 , 2 a a3 ,_ il _ i2 sin^Z^cT 1 " 2 . 
(m) Lemma [6.111 entails that JA ++++ = R.es^ Zi /a ; 3 ) e (2«)3 //i,a( s > Tr 7^'" where 

: = Z1.GZ2 + Zi.ez 3 + z 2 -ez 3 , 

f /„ n ._ 'hj k lll (k+i 1 ) ll2 (k+T 2 ) ll . i (k+T 3 ) ll4 ~ 



"a,l ■ — ^aijZi Oa 2l Z 2 ^«3^3 ^«4,— Zi— Z2 — '3 ■ 

Using (fTT^ and Corollary 12.131 successively, we find 

^/J-X ^£*4 ~ ^ ^ ' ~0 ^uo^uq^u 

.P|fc+Z 1 +Z 2 p|A,.+i 1 +i 2 +i 3 |2 °V ~ 2^ 



/( 1\ \ ^ ' ^Vl ^2 ^M3 ' — ' \ ^ ' 7T k^-^k^2^f^^^f^4 : ■ — ' 

ft,a^,tj~ ^ e |fc| s + 2 |fc+Z 1 | 2 |fc+Zi+Z 2 | 2 |fc+Zi+Z2+Z 3 | 2 °V ~ 2^ e [fcp^ 



Since the function J2kez n ' e20 ^n^^r^ a a,z satisfies (H2), Lemma f2. 141 entails that 

/(A+) 4 = £ e^a^Res ^'^^4^7^=:^^. 

(Zi,Z2,z 3 )6(Z")3 s fcez™ z 

Therefore, with ([15]) . we get X { = ^a a ,i e% 9 {A + B + C), where 



5 

C 



Tr(7 a W 3 7M47 a V 2 7 ai 7„ 2 ), 

Tr( 7 a V V V 2 7 a2 7 M4 7 Ql 7 M2 ) , 
Tr (7^ y* 7m2 7 « 2 7^ 7 ai 7w ) . 



Using successively {7^, 7^} = 2(5^ and 7^7^ = 2 m l 2 m, we see that 

A = C = 4 Tr( 7 a4 7 a3 7 a2 7 Ql ), 

5 = -4 (Tr( 7 Q4 7 a3 7 ai 7 a2 ) +Tr(7 a4 7 Q2 7 a3 7 ai )). 
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Thus, A + B + C = 8 2 m (5 a4as 5 a2ai + S a * ai 8 a3a2 - 25°* 4a2 5 a3ai ) , and 
By @2J), we get 

j(A+) i = 2c (-2T 1 +r 2 + r 3 ), 

where 

Ti := ^ a »4M a ^,h a a2,h a ai,h el<> 6 0,Y: t k Saia2 <5QSai ' 
li,.-,h 

T 2 := Yl a «4,U <W 3 «a 2 ,z 2 o ai , h e§ 9 5 0jE ., 4 ^ 8 a * a \ 
li,...,h 

T 3 := ^ a a4M a ash a a2>h a ai;h e^ 8 S ^. k 8 a ^ 5 a * a \ 

We now proceed to the following permutations of the li variables in the T\ term : i — > Z2, 
h l— > hj h l— > hi h l— ► ^3- While X^i^ * s invariant, # is modified : 6 1— > /2-@^i + h-®h + Z1.OZ4. 
With ^o,y; Zi m factor, we can let Z4 be — Zi — Z2 — Z3, so that 1— > —6*. We also permute the a» 
in the same way. Thus, 

7i = a a 3 ,i 3 a a4 ,i 4 a ai>ll a a2;l2 e'i e 5 ^ ih 5 a3ai 6 a * a \ 
h,—M 

Therefore, 

2Ti = 2 ^ a Q4ik a Q3i , 3 a Q2> , 2 o ai)h cos § 5 , Ei , 4 <5° 4a2 <5 asQl . (63) 
h,...,li 

The same principles are applied to T 2 and T3. Namely, the permutation Zi 1— ► Zi, Z2 1— ► I3, I3 1— ► Z2, 
Z4 1 — ^ Z4 in T2 and the permutation 1% ^ Z2, Z2 l— * ^3 7 ^3 l— *• h l— * ^4 i n ^3 (the Q i variables are 
permuted the same way) give 

h,—,l4 

h,...,U 

where (ft '■= h-® h + h® h — h-® h- Finally, we get 

j(A + ) A = 4c a aiM a oa,h a h a h S o,?^k( cos 2 - cos f) 

h,...,h 

= 80^ *«u-h-h-h <W 3 <ff sin !kgfe±b) sin ^. (64) 
(iv) Suppose q = 2. By Lemma f6.HI, we get 

/a ct = Res V A ff / Q , At ( S ,Z)Tr( 7 Q2 7^7 ai 7 m ) 

17 leZ n 
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where 

f („ i\ .— ST^ fc Mi( fc +pM2 Jyk.&l — 
Ja,^,t) — \k\*+ 2 \k+l\ 2 e 

feeZ" 

and r] := \(p\ — 02) G {—1, 1}- As in the proof of (i), since the presence of the phase does not 
change the fact that r(s,l) satisfies (HI), we get 

fa,,*M ~ flM - f 2 (8,l) + f 3 (s,l) 

where 

kez n 

t („ i\ — ' k n {k+l),, 2 (2k.l+\l\ 2 ) Jrik . e i~ 

J2\&)l>) — / J \k\ a + e e a a,U 



k&L n 

f ( 1\ — ' k n {k+l)„ 2 (2k.l+\l\ 2 ) 2 jrjk.Bl- 

J3\ b i L ) — / j \k\ s + 8 a a,l- 



Suppose that I = 0. Then /2(s, 0) = fy(s, 0) = and Proposition 12.11 entails that 

/i(s,0) = ^ gzn ^^5 Q , 
is holomorphic at and so is / a)At (s, 0). 

Since 7^78 is diophantine, Theorem 12.51 3 gives us the result. 
Suppose q = 3. Then Lemma 16.111 implies that 

/ ACT = E, e(Z ») 2 Tr( 7 ^ 7 «3 . . . 7 Ml 7 ai) 

f f„ A.— Y^' \ Jfc.e(£lh+£2/2) r ,^2^1-ef2 fc Ml( fc + ; l)M2( fc + ; l+^)M3 ~ 

JH,asK b > 1 ) ■— Z^/ k€ z n a \k\ s + 2 \k+h\ 2 \k+h+l2\ 2 aa > 1 ' 

and Si := ^(<7j — 03) G {—1,0,1}. By hypothesis (£i,£2) 7^ (0,0). There are six possibilities 
for the values of (£1,62)1 corresponding to the six possibilities for the values of a: (—,—,+), 
(-, +, +), (+, -, +), (+, +, -), (-, +, -), and (+, -, -). As in (ii), we see that 



where 



fti,a( s > 1 ) ~ ( E 



1 e a.e( si i 1 +s 2 i 2 )fc (k+h)^ (k+h)^ 



\k[ 



^.|s+s A cr 0-a,l e z 



fcez™ 

With Z := -f (Zi , Z2) : £ih + £2^2 = 0}, Theorem 12.51 (Hi) entails that J2ie(z n ) 2 \z f^,a(s, I) is 
holomorphic at 0. To conclude we need to prove that 

E 9{*) ■= E E UAs, l) W V3 • • • 7 w 7 ai ) 

cr cr l£Z 

is holomorphic at 0. By definition, A CT = io\G20z and as a consequence, we check that 
<?(--+) = -<?(+,+,-), #(+,-+) = -&(+.--)> s(- +,+) = -s(- +,-), 
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which implies that Y2a g(a) = 0. The result follows. 
Suppose finally that q = 4. Again, Lemma 16.111 implies that 

/A CT = Res V / M , Q ( S ,/)Tr( 7 ^ 7 a4 ---7 Atl 7 ai ) 

where 

f r Q — V'\ P »fe- Q EL] £ ^ g(g2k.eb+ff3(h+h).et 3 ) fc M1 (fc+/i) M2 (fc+/i+^2) M3 (A;+^i+^2+^) M4 ~ 
//i,a^)t; •— ^ A^e |fc| s + 2 |fc+« 1 | 2 |fc+ii+( 2 | 2 |fe+h+«2+^| 2 a -' 

and gj := ^(<7j — 04) 6 {—1,0,1}. By hypothesis (£i,£2, £3) 7^ (0,0,0). There are fourteen pos- 
sibilities for the values of (ei, £2, £3), corresponding to the fourteen possibilities for the values of 
<r- (-,-,-,+), (-,-,+,+), (-,+,-,+), (+,-,-,+), (-,+,+,+), (+,-,+,+), (+,+,-,+), 
(+,+,+,-), (-,-,+,-), (-,+,-,-), (+,-,-,-), (-,+,+,-), (+,-,+,-) and (+,+,-,-). 
As in (m), we see that, with the shorthand 9 a := (72/1.6/2 + 03 (Zi + /2)-®^3) 

With Z a := {(/i,/ 2 ,/3) : Th=i £ ik = °}> Theorem [23] (m), the series ^ g(Z n)3\ Z(T f^,a(s,l) is 
holomorphic at 0. To conclude, we need to prove that 

5>(<r) :=E5fo E^«M Tr( 7 ^ 7 a4 ---7 Atl 7 Ql ) = 0. 

Let C be the set of the fourteen values of a and C7 be the set of the seven first values of a given 
above. Lemma |6 . 71 implies 

^ 5 (a)=2^ 5 (a). 

aec aeC 7 

Thus, in the following, we restrict to these seven values. Let us note F^(s) := J2'kez n ""^"[^pTF - ^ 
so that 

g(a) = Res F^s) X a V e^'a^i Tr(f<V 4 • • • W* 1 )- 



Recall from O) that 



s=0 

lez, 



Res F^s) Tr( 7 ^ 4 7 a4 • • • 7 ^ 7 ai ) = 2c(5 a4a3 5 a2ai + 6 a * ai 6 a3a2 - 25 a40l2 5 a3ai ) . 
As a consequence, we get, with a a j := ^ ■ ■ ■ a a4 j 4 , 

g{a) = 2cA(j ^ e^Z^S^ kQ 8^ £thfi (S a4a3 5 a2ai + S a4ai 5 a3 ° 2 - 25 a4a2 5 a3ai ) 
ie(z n ) 4 
=:2cX a (T 1 + T 2 -2T 3 ). 

We proceed to the following change of variable in T±: l± 1— ► Zi, I2 1— ► Z3, I3 1— ► /2 ; ^4 l— ► li- Thus, 
we get 9 a i-> ip a ■= a 2 h.@k + ^(h + h)-®h, and £? =1 £ ^ ^ + ^2 + £2/3 =: «<r(0- With 
a similar permutation on the 014, we get 

r 1= e2^a ai ^ Etii . o( 5 £lZl+£ 3i 2+£2 i3 i o^ 4Q2 ^ 3Q!1 . 

/£(Z") 4 
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We proceed to the following change of variable in T 2 : h >—>■ l 2 , l 2 >—>■ 1%, I3 >—>■ h, I4 >—> I4. Thus, 
we get 9 a i-> 4> a := a 2 l 2 .@l 3 + 03 (fe + h)-@h, and J2i=i £ i l i ^ £ 3h + £ ih + £2^3 =■ v a (l). After 
a similar permutation on the a^, we get 

Finally, we proceed to the following change of variable in T3: ?i ? 2j h ^ h, h l— ^ ^4> ^4 l— * ^3- 
Thus, we get CT i-> — and ^i=i ^ ( £ 2 — £3)^1 + (£1 — £3)^2 — £3^3 =: w a (l). With a similar 
permutation on the «j, we get 

T 3 = E( e(Z »)4 e '^^ 6 j:Uhfi 6 (e 2 -e 3 )h + (ei-S3)h-e,l 3 ,0$ a4a2 S a3ai - 

As a consequence, we get 

= 2c E /6(Z n )4 ^^'^,Z3)2 Q ^ Eti ,,o^ 4Q2 ^ 3Q1 , 

where ^(Zi, i 2 , k) = A CT (e^ CT <5 M0;0 + e^ CT <S M , ))0 - 5^ £ . ; . - e~^ e ' 6 w „ (l)fi ). 
The computation of K a (li,l 2 , h) for the seven values of a yields 

K — ++(h,h, ^3) = <5/i+j 3 ,o + ^2+^3,0 - ^/i+«2,o - hi+hfi, 
K-+-+(h,h, h) = &h+hfl + hi+hfl - $h+h,o - $h+h,0i 

K ++(^1^2, k) = &h+hfl + Sh+hfl - &h+h,0 ~ ^2+«3,0) 

K_ +++ (h,l 2 ,h) = -(>- %,o + eh h - eh 5 hfl - eh h - eh 5 hfi - e^ eh 6 hfi ), 

K ++ _ + (h,l 2 ,l 3 ) = -(e^- %, o + >' 9 %,o - e^ eh S hfi - e^S^J . 
Thus, 



^2 K a{hMM) = 2i (^ 3 ,o - ^3 =1 / li0 ) sin ' 



h.@h 
2 

o-ecv 



and 

The following change of variables: l\ 1— > Z2 , ii ► Z2 ? ^3 l— ^ U, U ► ^3 gives 

E 5 E? W> sin ^ V* *E? I..0 = - E ^,0 S m ^ V* k,o 

so _ 

J>(<7) = i8c Y, S^osm^a^S^^S^S"^. 

<rec 7 ze(z™) 4 

Finally, the change of variables: l 2 <— > Z4, 14 <— > Z 2 gives 

n)4 



which entails that X]o-eC 7 fl'( cr ) = ^- C 
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Lemma 6.13. Suppose n = 4 and ^0 diophantine. For any self-adjoint one-form A, 

(D A (V)-CD(0) = -CT(F ai!Q2 F a ^). 
Proof. By (I34|) and Lemma 16.61 we get 

c^(o)-cmo) = E^ E / ACT - 

By Lemma 16.121 (if), we see that the crossed terms all vanish. Thus, with Lemma 16.71 we get 

Cd a (0) - Cd(0) = 2 ^ j ( A+ ) ? - (65) 

q=l J 

By definition, 

[U k ,Ui] 



k k,l 



; E [( a »2,kk ai - a aitk k a2 ) - 2^a Qljfc _;a Q2i ; sin(^)] U k . 
k 1 

Thus 

2 m 

T{F aia2 F aia2 ) = E E [( a " 2 ,fc^ai - a auk k a2 ) - 2 ^ a ai:k -i> a a2j i> sin(-f^)] 

ai,a2=l fceZ 4 Z'eZ 4 

[(aa 2 ,-A; ^qi — a Ql ^kk a2 ) - 2 ^ a ai - k -i» a a2> r sin(^4p-)]. 

rez 4 

One checks that the term in a q of r(F aia2 F aia2 ) corresponds to the term J(A + ) 9 given by 
Lemma 16.121 For q = 2, this is 

/6Z 4 ,ai,o 2 

For g = 3, we compute the crossed terms: 

which gives the following a 3 -term in r(-F Q , 1Q , 2 i ?aia2 ) 

-8 J^o^^-fa ag 1 a ai>Jl sin^-f^ 3 . 

For g = 4, this is 

-4 ^ a aii _ Zl _, 2 _j 3 a Q2 , i3 a" 1 a" 2 sin ik©(J±M sin 

h 

which corresponds to the term J(A + ) 4 . We get finally, 

n „ 

E^f (A+)9 = -i r (^i^^ ia2 )- (so 

9=1 7 

Equations (j65j) and (j66j) yield the result. □ 
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Lemma 6.14. Suppose n = 2. Then, with the same hypothesis as in Lemma \6.11\ 

(i) f(A + ) 2 = -f(A~) 2 = 0. 

(ii) Suppose 2^:0 diophantine. Then 

Ja + a- =Ja~a + = 0. 

Proof, (i) Lemma 16.111 entails that JA ++ = Res^ gZ 2 —f(s,l) where 



and a a j := a ait i a a2) _j. This time, since n = 2, it is enough to apply just once (fT6l) to obtain an 
absolutely convergent series. Indeed, we get with (fl"6j) 



JfJ,,a\S,L) — Z-> fc| s + 4 |fc+/| 2 

fcez 2 fcez 2 

and the function r(s,l) := Yl'ke% 2 k ^ k ^+%\k+i^ ~ " " a i* * s a nnear combination of functions of 
the type H(s,l) satisfying the hypothesis of Corollary 12.131 As a consequence, r(s,l) satisfies 
(HI) and 

fcez 2 fcgz 2 

Note that the function (s,l) \— > h IMja (s,l) := Yl'keZ 2 k \k\*+% satisfies (H2). Thus, Lemma f2. 141 
yields 

Res /( a> Z) = ^Res ^(i, Z) 1^7° VW 1 )- 
By Proposition 12.161 we get Res hn a (s,l) = S^u? n'o-al- Therefore, 

s=0 ' 



I A++ = -vr £ a a>l Ti^r l ai l») = 

^ ZGZ 2 



according to (|59p. 

(m) By Lemma 16.11} we obtain that j A~ + = Res^ /gZ2 X a f a Js,l) Tr(7 a2 7 M2 7 ai 7 Atl ) where 
Ao- = — (— i) 2 = 1 and 



f f„ A ._ V^ / fc Ml( fc +0M2 Jrjk.&l~ 



fcez 2 

and rj := |(o"i — = —1. As in the proof of (i), since the presence of the phase does not 
change the fact that r(s,l) satisfies (HI), we get 

fcez 2 
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Since ^0 is diophantine, the functions s i— » ]>^zez 2 \{o} 5o,m( s > are holomorphic at s = by 
Theorem 12.51 3. As a consequence, 



/a"+ = Res ffa )M M)Tr( 7 a V 2 7 ai 7 m ) = Res V'^5 a , Tr( 7 c 

J k&? 

Recall from Proposition 12.11 that Res s= o Yl'kez 2 \k\^+ A = n ' Thus, again with flSUJ), 

A-+ = a afi vr Tr( 7 a2 7 ^7 ai 7 M ) =0. □ 
Lemma 6.15. Suppose n = 2 and ^0 diophantine. For any self-adjoint one-form A, 

Cd a (o)-Cd(o) = o. 

Proof. As in Lemma f6.13| we use (I34D and Lemma f6. 6 1 so the result follows from Lemma fo.MI □ 
6.1.2 Odd dimensional case 

Lemma 6.16. Suppose n odd and ^0 diophantine. Then for any self-adjoint 1-form A and 
a G {-, +} q with 2 < q < n, 

0. 



Proof. Since A°" G ^\{A), Lemma 15.111 with k = n gives the result. □ 

Corollary 6.17. With the same hypothesis of Lemma \ 6.16\ for any self-adjoint one-form A, 
CdA®) ~ <d(0) = 0. 

Proof. As in Lemma f6.13t we use (I34D and Lemma f6.6l so the result follows from LemmaETHJ □ 
6.2 Proof of the main result 

Proof of Theorem \6.1\ (i) By (|5|) and Proposition 15.51 we get 

S(p A ,$,A) = 4tt$ 2 A 2 + $(OKd a (O) + 0(A- 2 ), 

where $2 = ^ fo° ®{t) dt. By Lemma [6.151 Cd a (0) — Cd(0) = and from Proposition 15. 4[ 
Cd(0) = 0, so we get the result. 

(«) Similarly, S{V A , $, A) = 8tt 2 $4 A 4 +$(0) ( Da (O)+0(A- 2 ) with * 4 = 3 10°° $ W 1 dL Lemma 
ETJimplies that ( Da (0)-Cd(0) = -cr(F^F^) and by PropositionEl Cl>a(°) = -cr(F^F^) 
leading to the result. 

(m) is a direct consequence of ((5]), Propositions 15.41 15.5[ and Corollary 16.171 □ 

A Appendix 

A.l Proof of Lemma 13.31 

(t) We have \D\T\D\- 1 = T + SiT^D^ 1 and \D\- X T\D\ = T - \D\~ l 8{T). A recurrence 

proves that for any k G N, \D\ k T\D\~ k = J2q=o (jQ and we get |D|- fc T|L>| fc = 

Ej=o(-i) 9 ©l^r^(r). 
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As a consequence, since T, \D\ q and S q (T) are in OP for any q G N, for any k £ Z,, 
\D\ k T\D\~ k G OP . Let us fix p G N and define F p (s) := <5P(|P| S T|P/|- S ) for s G C. Since 
for IcGZ, Fp(fe) is bounded, a complex interpolation proves that Fp(s) is bounded, which gives 
|P>| S T|D|- S G OP . 

(ti) Let T G OP Q and T' G OP^. Thus, T|P|- a , T'l^l^ are in OP . By (i) we get 
\DfT\D\- a \D\-P G OP , so T'|P»|-^|P>|^T|P>|~^- a G OP . Thus, T'T|P>|-( a +^ G OP , 
(m) For T G OP a , \D\ a ~P and T|P>|~ a are in OP , thus T|P>|-^ = T\D\- a \D\ a -P G OP , 
(tu) follows from 5(0 P°) C OP . 

(f) Since V(T) = <5(T)|£)| + |D|<5(T) — [Po,T], the result follows from (n), (iv) and the fact that 
P is in OP" 00 . 

A. 2 Proof of Lemma 13.61 

The non-trivial part of the proof is the stability under the product of operators. Let T, T' G 
*(«4). There exist d,d' G Z such that for any N G N, N > \d\ + \d'\, there exist P, P' in £>(.A), 
p,j/ G N , P G OP~ N ~ d ' , R! G OP~ N - d such that T = PP~ 2 p + P, V = P'£)-V + P', 
PP>- 2p G OP d and P'L>~ 2 p' G OP d '. 

Thus, TT' = PD- 2 pP'D- 2 p' + RP'D~ 2 p' + PD~ 2 PR' + RR' . 

We also have RP'D- 2 p' G OP- N - d ' +d ' = OP~ N and similarly, PD~ 2 PR' G OP _jv . Since 
PP' G OP~ 27V , we get 

TT' ~ PD- 2p P'D- 2 P' mod OP^. 

If p = 0, then TT' ~ QP>- 2 p' mod OP~ N where Q = PP' G V(A) and QP>- 2 p' G OP d+d ' . 
Suppose p / 0. A recurrence proves that for any q G No, 

<? 

D- 2 P' ~ ^(-l) fc V fc (P')P>~ 2/c ~ 2 + (-1)9+ 1 Z)- 2 V 9+1 (P , )P" 2 ^ 2 mod OP-°° . 

k=0 

By Lemma 13.31 (v), the remainder is in OP + p _ 9-3 ; since 

pi G OP d ' +2 P'. Another recurrence 

gives for any g G No, 

D -2 Pp i ^ ^ (_i)l fc livl fc l 1 (P')P' _2|fe|l " 2p mod OP a! ' +2p '"^ 1 " 2p . 
fci,— ,fc p =o 

Thus, with = N + d + d' — 1, 

<?JV 

TT'~ ^ (_i)|fc|ipvl fc li(P / ) J D- 2 l fe li- 2 (P+P') mod OP _iV . 

fci)"' ,k p =0 

The last sum can be written QnD~ 2tn where rjy '■= pqN + (p + Since Oat G T>(A) and 
Q N D~ 2r ' N G OP d+d ', the result follows. 

A. 3 Proof of Proposition 13. lJ 

Let P G OP k \ Q G OP k2 G With [Q, |P>|- S ] = (Q - cr_ s (Q)) |P|" S and the equivalence 

Q-a. s (Q) ^ -Er=i9(s,r)e r (Q) mod OP^- 1+fc2 , we get 

N 

P[0,|P|- s ] ~ - Y,9(s,r)Pe r {Q)\D\- s mod P~ N - 1+kl+k2 -^ 
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which gives, if we choose N = n + k\ + k^, 

n+fci+fc2 

Res Tr (P[Q, = - V Res g(-s, r) Tr (P S r (Q)\D\~ S ) . 

s=0 *■ — * s=0 

r=l 

By hypothesis s i— > Tr (Pe r (Q)|Z?|~ s ) has only simple poles. Thus, since s = is a zero of the 
analytic function s i— > g(—s, r) for any r > 1, we have Res g(-s,r) Tr (Pe r (Q)|Z)|- s ) = 0, which 

entails that Res Tr (P\Q, \D\- S }) = and thus 

j p Q = R _?s Tr (P|D|" S Q) . 

When s G C with 3?(s) > 2max(fci + n + 1,^), the operator P|Z)| _S//2 is trace-class while 
\D\- S / 2 Q is bounded, so Tr (P\D\- S Q) = Tr {\D\~ S / 2 QP\D\~ S I 2 ) = It (a_ s/2 {QP)\D\' s ) . 
Thus, using (f29|) again, 

QP+ Res g(-s/2,r)Tr(e r (QP)\D\- s ). 

r=l S ~° 

As before, for any r > 1, Res g(—s/2,r) Tr (e r ((5P)|D| _ ' s ) = since g , (0,r) = and the spectral 

s=0 

triple is simple. Finally, 

Res Tr (P\D\- S Q) = -f QP. 
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